
���`̀̀zzznnnØØØ������{{{

Optimization Theory and Methods

ÜÜÜ¡¡¡���

êêêÆÆÆ���ÆÆÆÆÆÆ���

Zhangxiaowei@uestc.edu.cn

http://staff.uestc.edu.cn/zhangxiaowei

Version: 20150901003400

mailto:Zhangxiaowei@uestc.edu.cn
http://staff.uestc.edu.cn/zhangxiaowei


SSS óóó

]�µ

[1] F=½§�§�`znØ��{§I�ó�Ñ�

�§2008.

[2] ���§�`zO��{§�u�ÆÑ��§1999.

[3] �æ��§�`znØ��{§�ÆÑ��§2000.

[4] Jorge Nocedal§Stephen J. Wright§Numerical Opti−

mization§Springer§2006.

II



888 ¹¹¹

SSS óóó II

��� {{{ XII

111���ÙÙÙ ���`̀̀zzz¯̄̄KKK���êêêÆÆÆÄÄÄ::: 1

§ 1.1 �`z¯K. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 uÐ¤. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.2 �
~f . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.3 êÆ�. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.1.4 ¯K©a . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

§ 1.2 FÝ�HesseÝ
 . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.2.1 ���. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.2.2 n�¼ê���5�FÝ . . . . . . . . . . . . . . . . . . . . . 21

§ 1.3 õ�¼ê�TaylorÐª . . . . . . . . . . . . . . . . . . . . . . . . 32

III



§ 1.4 4�:9Ù�½^� . . . . . . . . . . . . . . . . . . . . . . . . . 35

1.4.1 ÛÜ4�:��½^�. . . . . . . . . . . . . . . . . . . . . . 40

§ 1.5 à8!à¼ê�à5y . . . . . . . . . . . . . . . . . . . . . . . . 42

1.5.1 à8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

1.5.2 à¼ê. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

1.5.3 à5y. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

111���ÙÙÙ ���555555yyyÚÚÚüüüXXX///���{{{ 55

§ 2.1 ~f�IO/ª . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

§ 2.2 ���55y�ã){ . . . . . . . . . . . . . . . . . . . . . . . . 66

§ 2.3 Ä�Vg�)�5� . . . . . . . . . . . . . . . . . . . . . . . . . 69

2.3.1 Ä�Vg . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

2.3.2 ��~f . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

2.3.3 )�5� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

§ 2.4 üX/{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

2.4.1 O�ó� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

2.4.2 üX/�{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

IV



§ 2.5 Ð©Ä�1)�(½{ . . . . . . . . . . . . . . . . . . . . . . . . 129

2.5.1 ü�ã{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

2.5.2 �M{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

§ 2.6 üX/{�U? . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

2.6.1 ;�Ì� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

2.6.2 ?�üX/{ . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

111nnnÙÙÙ éééóóó���555555yyy 164

§ 3.1 éó¯K�JÑ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

3.1.1 ²L¯K . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

3.1.2 é¡/ª . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

3.1.3 �é¡/ª . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

3.1.4 ·Ü/ª . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

§ 3.2 éó½n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

§ 3.3 éóüX/�{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202

3.3.1 Ä�g� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202

3.3.2 éóüX/{ . . . . . . . . . . . . . . . . . . . . . . . . . . . 211

V



§ 3.4 éó�55y�A^ . . . . . . . . . . . . . . . . . . . . . . . . . 216

3.4.1 éóüX/{�A^ . . . . . . . . . . . . . . . . . . . . . . . 216

3.4.2 Kfd� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226

111oooÙÙÙ ÃÃÃ���ååå���`̀̀zzzOOO������{{{ 229

§ 4.1 eüS��{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 230

4.1.1 Ä�g� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 230

4.1.2 ��|¢ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233

4.1.3 Âñ�Ý . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

4.1.4 ª�OK . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 238

§ 4.2 °(��|¢ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239

4.2.1 �7©�{£0.618{¤ . . . . . . . . . . . . . . . . . . . . 239

4.2.1.1 ü¸¼ê . . . . . . . . . . . . . . . . . . . . . . . . 239

4.2.1.2 Ä�g� . . . . . . . . . . . . . . . . . . . . . . . . 241

4.2.1.3 �{©Û . . . . . . . . . . . . . . . . . . . . . . . . 246

4.2.2 Fibonacci{ . . . . . . . . . . . . . . . . . . . . . . . . . . . 247

4.2.2.1 Ä�g� . . . . . . . . . . . . . . . . . . . . . . . . 247

4.2.2.2 �{L§ . . . . . . . . . . . . . . . . . . . . . . . . 249

VI



4.2.2.3 �{©Û . . . . . . . . . . . . . . . . . . . . . . . . 251

4.2.3 �g��{£�Ô���{¤ . . . . . . . . . . . . . . . . . . 252

4.2.3.1 Ä�g� . . . . . . . . . . . . . . . . . . . . . . . . 252

4.2.3.2 n:�g��{. . . . . . . . . . . . . . . . . . . . . 254

4.2.4 ü:ng��{ . . . . . . . . . . . . . . . . . . . . . . . . . 257

4.2.4.1 Ä�g� . . . . . . . . . . . . . . . . . . . . . . . . 257

4.2.4.2 ngõ�ª . . . . . . . . . . . . . . . . . . . . . . . 258

§ 4.3 �°(��|¢ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259

4.3.1 GoldsteinOK. . . . . . . . . . . . . . . . . . . . . . . . . . 261

4.3.2 WolfeOK . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263

4.3.3 ArmijoOý . . . . . . . . . . . . . . . . . . . . . . . . . . . 265

4.3.4 Âñ5½n . . . . . . . . . . . . . . . . . . . . . . . . . . . . 268

§ 4.4 ��eü{. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 272

4.4.1 Ä�g� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 272

4.4.2 ��eü{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 274

4.4.3 Âñ5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 274

4.4.4 �`Ú� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 278

VII



§ 4.5 Úî{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283

4.5.1 Ä�g� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283

4.5.2 AÛ)º . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 285

4.5.3 Úî{. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 287

4.5.4 `":9ÙU? . . . . . . . . . . . . . . . . . . . . . . . . . 289

4.5.5 Âñ5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 291

§ 4.6 �Ý��{. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 297

4.6.1 �ÝFÝ{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 306

4.6.2 CºÝ{£[Úî{¤. . . . . . . . . . . . . . . . . . . . . . 317

4.6.2.1 ���ª . . . . . . . . . . . . . . . . . . . . . . . . 317

4.6.2.2 é¡�1úª£SR1{¤ . . . . . . . . . . . . . . . . 318

4.6.2.3 é¡�2úª£DFP�{¤ . . . . . . . . . . . . . . 334

4.6.2.4 ?�úª . . . . . . . . . . . . . . . . . . . . . . . . 346

§ 4.7 &6��{. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 351

4.7.1 Ä�g� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 352

4.7.2 &6��{�Âñ5 . . . . . . . . . . . . . . . . . . . . . . . 357

VIII



111ÊÊÊÙÙÙ ���ååå���`̀̀zzz���{{{ 359

§ 5.1 �`5^�. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 360

5.1.1 �1�� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 360

5.1.2 ��7�^� . . . . . . . . . . . . . . . . . . . . . . . . . . . 364

5.1.3 ��¿©^� . . . . . . . . . . . . . . . . . . . . . . . . . . . 368

§ 5.2 ¨v¼ê{. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 372

5.2.1 Ä�g� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 372

5.2.2 ²L)º . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 373

5.2.3 vÏf�.�KF¦f�m�'X . . . . . . . . . . . . . . . 374

§ 5.3 	:v¼ê{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 375

5.3.1 Ä�g� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 375

5.3.2 ���å�`z?n . . . . . . . . . . . . . . . . . . . . . . . 377

5.3.3 �{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 381

5.3.4 Âñ5½n . . . . . . . . . . . . . . . . . . . . . . . . . . . . 383

§ 5.4 S:v¼ê{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 389

5.4.1 Ä�g� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 390

5.4.2 �{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 394

5.4.3 Âñ5½n . . . . . . . . . . . . . . . . . . . . . . . . . . . . 397
IX



5.4.4 �( . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 400

§ 5.5 ¦f{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 401

§ 5.6 RosenFÝÝK{. . . . . . . . . . . . . . . . . . . . . . . . . . . 416

5.6.1 Ä�g� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 417

5.6.2 eü�1���(½ . . . . . . . . . . . . . . . . . . . . . . . 419

5.6.3 ��|¢9ª�OK . . . . . . . . . . . . . . . . . . . . . . . 423

5.6.4 �{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 425

111888ÙÙÙ ������|||¢¢¢���{{{ 438

§ 6.1 Ú�\�{. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 439

6.1.1 Ä�g� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 439

6.1.2 &¢5£Ä . . . . . . . . . . . . . . . . . . . . . . . . . . . . 440

6.1.3 Hooke-JeevesÚ�\�{ . . . . . . . . . . . . . . . . . . . 442

§ 6.2 Powell��\�{ . . . . . . . . . . . . . . . . . . . . . . . . . . 445

6.2.1 Ä��{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 445

6.2.2 �Ý§Ý��O . . . . . . . . . . . . . . . . . . . . . . . . . 452

6.2.3 PowellU?�{ . . . . . . . . . . . . . . . . . . . . . . . . . 457

X



111ÔÔÔÙÙÙ ???zzzOOO��� 458

§ 7.1 )ÔÆÄ:. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 458

7.1.1 ¢DnØ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 465

7.1.2 CÉnØ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 465

§ 7.2 Ä�Vg . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 467

§ 7.3 ¢D�{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 471

7.3.1 ¢D?è . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 473

7.3.2 ·AÝ¼ê . . . . . . . . . . . . . . . . . . . . . . . . . . . . 474

7.3.3 Ó�ÙÀJ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 475

7.3.4 ��ö� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 476

7.3.5 CÉö� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 477

§ 7.4 ¢D�{A^{~ . . . . . . . . . . . . . . . . . . . . . . . . . . . 478

§ 7.5 �[ò» . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 486

§ 7.6 ¬+�{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 489

§ 7.7 âf+`z. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 493

111lllÙÙÙ õõõ888III���`̀̀zzz 498

111ÊÊÊÙÙÙ MATLAB`̀̀zzzóóóäää��� 499

XI



ëëë���©©©zzz 500

XII



��� {{{

2.1 üX/�{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

2.2 ?�üX/�{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

3.1 éóüX/�{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

4.1 eü�{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232

4.2 �7©��{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 248

4.3 ü:ng���{ . . . . . . . . . . . . . . . . . . . . . . . . . . . 260

4.4 �ª�{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 268

4.5 ��eü�{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 274

4.6 Úî�{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 288

4.7 DFP�{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 343

4.8 &6��{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 356

5.1 	:{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 381

5.2 S:{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 395

5.3 ¦f{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 413

5.4 RosenFÝÝK{ . . . . . . . . . . . . . . . . . . . . . . . . . . . 430
XIII



6.1 Hooke− JeevesÚ�\�{ . . . . . . . . . . . . . . . . . . . . . 443

6.2 Powell�{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 446

7.1 ¢D�{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 472

7.2 �[ò»�{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 488

7.3 ¬+�{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 494

7.4 âf+`z�{ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 497

XIV



111���ÙÙÙ ���`̀̀zzz¯̄̄KKK���êêêÆÆÆÄÄÄ:::

§ 1.1 ���`̀̀zzz¯̄̄KKK

¤¢�`z¯K§^êÆ�ó5`§Ò´¦����¼ê

½õ�¼ê�4�"e¡ÏLäN~f5ww�o´�`z

¯K"

1.1.1 uuuÐÐÐ¤¤¤

(1) �ÞÏµLanchesterÔÌ�§£1914¤!üèØ

£1917§Erlangú ª ¤ !LP� . £1939§ x ÷ Û â �



1�Ù �`z¯K�êÆÄ:
Zhangxiaowei@uestc.edu.cn 1.1. �`z¯K 2

Û§1960§Nobel Prize¤!üX/{£1947§Dantzig¤!é

üØ£1944§Von Neumann§Morgenstern¤§· · ·

(2) ¤ � Ï µ20 V30c � " £ � Ô ¤ § $ Ê Æ

£Operational Research¤½ö�`z£Optimization¤��

��¶cÑy£�)¤§Ì�A^u�¯�Ô!����

¡"

(3) uÐÏµ20V50c��8§�UA^�ó�!

à�!²L!�¬¯K�+�§¿/¤Nõ©|Ú�

ìµIFORS£1959¤!EUOR£1975¤!APORS£1985¤§· · ·

¥I



1�Ù �`z¯K�êÆÄ:
Zhangxiaowei@uestc.edu.cn 1.1. �`z¯K 3

(1)5¤P#py�V6µ/$Êü ¡�¥§û�uZp

�	0

(2) ÔIXRmê!y�¶¡?�û"

(2) 20V50c�¥�Ï§aÆÜ!uÛ�!NI��Ú

\"1965c±�§uÛ��/`À{0§/ÚÊ{0"

1.1.2 ���


~~~fff

~ 1.1 ® � 9 ¯ > { � { �R� § Ýt� ¼ ê ' X

�R(t) = x1 · e
x2
t+x3§ùpx1§x2§x3 ��½ëê"ÏL

¢�ÿ�3§Ý�ti�§{��Ri§l���|ê

â(t1, R1)§(t2, R2)§· · ·§(tm, Rm)§¯N��âù�|ÿþ



1�Ù �`z¯K�êÆÄ:
Zhangxiaowei@uestc.edu.cn 1.1. �`z¯K 4

êâ5(½ëêx1§x2§x3?



1�Ù �`z¯K�êÆÄ:
Zhangxiaowei@uestc.edu.cn 1.1. �`z¯K 5

2 4 6 8

2

4

6

0

(ti, Ri)

R(ti)



1�Ù �`z¯K�êÆÄ:
Zhangxiaowei@uestc.edu.cn 1.1. �`z¯K 6

) ¼ê'XR3AÛþéA�^²¡�"^¤kÿþ:÷

Y�����ål�²�Ú5£ãù« �§Kd¯K�

êÆ�.�

min
m∑
i=1

[
Ri − x1 exp

( x2
ti + x3

)]2
y

~ 1.2 ($$$ÑÑÑ¯̄̄KKK) ® � , u ( 8 ì ú i

km� � /A1§A2§· · ·§Am§ Ù � þ © O

�a1§a2§· · ·§am£ë¤"kn��/B1§B2§· · ·§Bn§Ù



1�Ù �`z¯K�êÆÄ:
Zhangxiaowei@uestc.edu.cn 1.1. �`z¯K 7

�Èþ©O�b1§b2§· · ·§bn£ë¤"b���²ï§=
m∑
i=1

ai =
n∑
j=1

bj.

dAi�Bj�$¤�cij£�/ë¤§£i = 1, 2, · · · ,m; j =

1, 2, · · · , n¤"¯3�æø��^�e§dz��/�z

��/�$Ñþ�õ�ë�§o$¤��º
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) �d��$Ñþ�ë§KkêÆ�.

min
m∑
i=1

n∑
j=1

cijxij

s.t.
n∑
j=1

xij = ai, i = 1, 2, · · · ,m

m∑
i=1

xij = bj, j = 1, 2, · · · , n

xij ≥ 0

y

~ 1.3 (&&&ÒÒÒuuu)))¤¤¤¥¥¥���uuuÅÅÅ///%%%CCC���`̀̀zzz���OOO) ��¢S
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� > ´ � O ¯ K § � ¦ ^ ò � C q � � O

� u  � § ¿ � ¦ 3
(
0, π2
)
S ( ½6� : § ¦ �

ò(0, 0)§(x1, sinx1)§· · ·§(x6, sinx6)§(π/2, 1)�:ë�¤�

ò��O
[
0, π2
]
þ��u���ýÝ��"
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) êÆþÒ´§¦Tò���u��m¤�¤�²¡ã/

¡È��"

�u�!x = π
2!x¶¤�¤�¡È�∫ π

2

0

sinxdx = 1.

ò�!x = π
2!x¶¤�¤�¡È£F/¤�

1

2

7∑
i=1

(xi − xi−1)(sinxi + sinxi−1).
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Ù¥§x0 = 0§x7 = π
2"¯KêÆ�.�µ

min f(X) = 1− 1

2

7∑
i=1

(xi − xi−1)(sinxi + sinxi−1)

s.t.

0 = x0 < x1 < · · · < x7 =
π

2
½

gi(X) = xi − xi−1 > 0, xi ∈
(
0,
π

2

)
, i = 1, · · · , 6

y

~ 1.4 ®�dü�g+|¤�é¡�e�ªÝ�2s§g+

�²þ�»�x1§þÝ�x2§�e�pÝ�x3§y3�¦�

eU
«É2w �KÖ§¯XÛ�O�e§¦�Ùþ��º
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x1

x2

ss

x3

2w

) Ï�g+��¡È�πx1x2§�Ý�
√
s2 + x23§�g+�
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�Ý�ρ§Kg+�þ�

ρπx1x2

√
s2 + x23.

¯K�¦þª����§�7L÷ve¡A�^�µ

(1)�mk�§�e�pÝØU�Lh§=

x3 ≤ h.

(2)g+�ØAåØU�L�.Aå£�Aå¤σ§=

w
√
s2 + x23 ≤ σπx1x2x3.
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nþ¤ã§êÆ�.�µ

minx1x2

√
s2 + x23

s.t.

x3 ≤ h,

w
√
s2 + x23 ≤ σπx1x2x3,

x1, x2, x3 ≥ 0.

y
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1.1.3 êêêÆÆÆ���...

£1¤��/ª

min f(x1, x2, · · · , xn)

s.t.

gi(x1, x2, · · · , xn) ≥ 0, i = 1, 2, · · · ,m

hj(x1, x2, · · · , xn) = 0, j = 1, 2, · · · , k

(1-1-1)
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£2¤�þ/ª

min f(X)

s.t.

G(X) ≥ 0

H (X) = 0

(1-1-2)

ùp§

X = (x1, x2, · · · , xn)T

G(X) = (g1(X), g2(X), · · · , gm(X))T

H (X) = (h1(X), h2(X), · · · , hk(X))T

0L«"�þ§±�3Ø· �cJe§�
�B§^0L
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«"�þ"

1.1.4 ¯̄̄KKK©©©aaa

£1¤·�/Ä�

£2¤�å/Ã�å

£3¤�5/��5

§ 1.2 FFFÝÝÝ���HesseÝÝÝ




1.2.1 ���������

½Â 1.5 3p��m(n ≥ 3)¥§¦8I¼ê��Ó�~ê
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�:8{X |f(X ) = c, c��~ê}¡�f(X )����£½��

¡¤"

3Ï~�¹e§8I¼ê´ëY�ü�¼ê§KÙ���

äk±e5�µ

£1¤ØÓ����Ø��¶

£2¤Ø4:¤3����	§���Ø¬¥ä¶

£3¤���È��/�§8I¼ê�Cz�¯§DÕ�

/�§Cz�ú¶

£4¤34�:NC§���Cq/�Ó%ý�x"
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1.2.2 n���¼¼¼êêê���������555���FFFÝÝÝ

£1¤���FÝ�½Â

½Â 1.6 �f : D ⊂ Rn → R§�X 0 ∈ D§e�3n��

þL§é?¿n��þP§Ñk

lim
‖P‖→0

f(X 0 + P)− f(X 0)− LTP

‖P‖
= 0. (1-2-3)

K¡f(X )3X 0��"

Ù¥§‖P‖ =
√
p21 + p22 + · · ·+ p2n´�þP��"



1�Ù �`z¯K�êÆÄ:
Zhangxiaowei@uestc.edu.cn 1.2. FÝ�HESSEÝ
 22

e-

f(X 0 + P)− f(X 0)− LTP

‖P‖
= α,

Klim‖P‖→0 α = 0"u´þª�eª�d

f(X 0+P)−f(X 0) = LTP+α‖P‖ = LTP+o(‖P‖). (1-2-4)

e¡½n�Ñ�L�ª"

½n 1.7 ef(X )3X 0?��§Kf(X )3X 0'u�Cþ�
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�� �ê�3§�

L =
(∂f(X 0)

∂x1
,
∂f(X 0)

∂x2
, · · · , ∂f(X 0)

∂xn

)T
.

y² -ei = (0, · · · , 0, 1[i], 0, · · · , 0)§�g�P = pie
i§i =

1, · · · , n§Kdª£1-2-4¤�y� y

½Â 1.8 (FFFÝÝÝ) ±f(X )�n�   � ê � © þ � �

þ∇f(X )¡�f(X )�FÝ"w,∇f(X ) = L"

eP = X −X 0§Kª£1-2-4¤�P�µ

f(X )− f(X 0) = ∇f(X 0)T (X −X 0) + o(‖X −X 0‖).
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£2¤FÝ�5�

(I)e∇f(X 0) 6= 0§K∇f(X 0)�LX 0:����R�"

(II)÷FÝ��¼êäk���CzÇ"

£3¤���ê

½Â 1.9 (���������êêê) �P ∈ Rn§‖P‖ = 1§ � � ¼
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êf(X )3X:÷��P����ê½Â�µ

∂f(X )

∂P
= lim

α→0+

f(X + αP)− f(X )

α

= lim
α→0+

∇f(X )T (αP) + o(‖αP‖)
α

= lim
α→0+

∇f(X )T (P) +
o(‖αP‖)
‖αP‖

‖P‖

= ∇f(X )TP

= ‖∇f(X )‖ cos(∇f(X ),P)

(1-2-5)

Ù¥§(∇f(X ),P)L«�þ∇f(X )�P�Y�"

£I¤ e∂f(X )
∂P = ∇f(X )TP > 0§ KP� � �

´f(X )3X?�þ,��"



1�Ù �`z¯K�êÆÄ:
Zhangxiaowei@uestc.edu.cn 1.2. FÝ�HESSEÝ
 26

£II¤ e∂f(X )
∂P = ∇f(X )TP < 0§ KP� � �

´f(X )3X?�eü��"

£III¤e∇f(X ) = 0§Ké?Û��P§∂f(X )
∂P = 0"

£IV¤ e∇f(X ) 6= 0§ K �P =

1
‖∇f(X )‖∇f(X )� §∂f(X )

∂P � � � � � § �P =

− 1
‖∇f(X )‖∇f(X )�§∂f(X )

∂P �����"

~ 1.10 ¦¼êf(X ) = x21 + x22 + 13X 0 = (0, 3)T?���

eü��§¿¦÷d��£Ä��ü �Ý�§¤�#:�

¼ê�"

) −∇f(X 0) = (0,−6)T§f(X 1) = 5" y
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£4¤A«AÏ¼ê�FÝ

£I¤é?¿~êc§∇c = 0"

£II¤∇(bTX ) = b§b = (b1, b2, · · · , bn)T ∈ Rn"

£III¤∇(X TX ) = 2X"

£IV¤∇(X TAX ) = 2AX§ùpA = AT"

£V¤∇(X TAX ) = AX + ATX"

£5¤HesseÝ


½Â 1.11 (���þþþ���¼¼¼êêê) g(X )´���þ�¼ê§eg :

D ⊂ Rn → Rm§=

g(X ) = (g1(X ), g2(X ), · · · , gm(X ))T .
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½Â 1.12 (������) �g(X ) : D ⊂ Rn → Rm§X 0 ∈ D§

eg(X )�¤k©þ(g1(X )§g2(X )§· · ·§gm(X )3Ñ��§

K¡g(X )3X 0��"

ù�¡

∇g(X 0) =



∂g1(X
0)

∂x1

∂g1(X
0)

∂x2
· · · ∂g1(X

0)
∂xn

∂g2(X
0)

∂x1

∂g2(X
0)

∂x2
· · · ∂g2(X

0)
∂xn

... ... · · · ...

∂gm(X
0)

∂x1

∂gm(X
0)

∂x2
· · · ∂gm(X

0)
∂xn


(1-2-6)
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��þ�¼ê3?��ê½JacobiÝ
"

�f : D ⊂ Rn → R§�f(X )äk��ëY �ê§q

�m = n§K

∇2f(X ) = ∇g(X ) =



∂2f(X )
∂2x1

∂2f(X )
∂x2∂x1

· · · ∂2f(X )
∂xn∂x1

∂2f(X )
∂x1∂x2

∂2f(X )
∂2x2

· · · ∂2f(X )
∂xn∂x2

... ... · · · ...

∂2f(X )
∂x1∂xn

∂2f(X )
∂x2∂xn

· · · ∂2f(X )
∂2xn


. (1-2-7)

w,Ùé¡"
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½Â 1.13 ∇2f(X )¡�f(X )'uX����ê§Ý
£1-

2-7¤¡�f(X )�HesseÝ
"

éu�þ�¼ê§k±eA�~^úª"

£I¤∇C = 0"C = (c1, c2, · · · , cn)T§ci�~ê"

£II¤∇X = I"I´n�ü �
"

£III¤∇(AX ) = A"A�n��
"

£IV¤�φ(t) = f(X 0 + tP)§K

φ′(t) = ∇f(X 0 + tP)TP , φ′′(t) = PT∇2f(X 0 + tP)P
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y² Ï�

φ(t) = f(x01 + tp1, · · · , x0i + tpi, · · · , x0n + tpn) (1-2-8)

¤±

φ′(t) =
n∑
i=1

∂f(X 0 + tP)

∂(x0i + tpi)
pi

=
n∑
i=1

∂f(X )

∂xi
pi

= ∇f(X 0 + tP)TP

(1-2-9)
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?

φ′′(t) =
n∑
i=1

d

dt

(∂f(X 0 + tP)

∂xi

)
pi

=
n∑
i=1

( n∑
j=1

∂2f(X 0 + tP)

∂xj∂xi
pj

)
pi

= PT∇2f(X 0 + tP)P

(1-2-10)

y

§ 1.3 õõõ���¼¼¼êêê���TaylorÐÐÐªªª

½n 1.14 �f : D ⊂ Rn → R§ef(X )3X 0�,�+

�N(X 0, δ)S��ëY��§Ké?¿�X ∈ N(X 0, δ)3X 0
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?kTaylorÐª

f(X ) = f(X 0)

+∇f(X 0)T (X −X 0)

+
1

2
(X −X 0)T∇2f(X )(X −X 0)

+ o(‖X −X 0‖2)

(1-3-11)

y² �φ(t) = f(X + tP)§
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K

f(X 0 + P) = φ(1)

= φ(0) + φ′(0) +
1

2
φ′′(θ)

= f(X 0) +∇f(X 0)TP +
1

2
PT∇2f(X 0 + θP)P ,

q∇2f(X )ëY§

¤±

∂2f(X 0 + θP)

∂xi∂xj
=
∂2f(X 0)

∂xi∂xj
+ δij. ( lim

‖P‖→0
δij = 0)
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u´

PT∇2f(X 0 + θP)P = PT∇2f(X 0)P + PT [δij]n×nP

= PT∇2f(X 0)P +
n∑
i=1

n∑
j=1

δijpipj.

Ïd

f(X 0+P) = f(X 0)+∇f(X 0)TP+
1

2
PT∇2f(X 0)P+o(‖P‖2).

-P = X −X 0"y.� y

§ 1.4 444���:::999ÙÙÙ���½½½^̂̂���

½Â 1.15 (SSS:::!!!>>>...:::���444���:::) �D ∈ Rn§X 0 ∈
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Rn"

e�3X 0�+�N(X 0, δ) ⊂ D§K¡X 0�D�S:¶

XJ3X 0�?¿+�¥§QkX 1 ∈ D§qkX 2 6∈ D§K

¡X 0�D�>.:¶

QØ´S:§qØ´>.:�:§¡�	:¶

XJ�3:�{X k}§£X kpÉ¤§�limk→+∞ ‖X k −

X 0‖ = 0§K¡X 0�D�4�:£à:¤"
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½Â 1.16 (mmm888���444888) �D ⊂ Rn§XJD�z��:Ñ

´D�S:§K¡D�m8¶XJD�z��4�:Ñá

uD§K¡D�48"

½Â 1.17 (444���:::������`̀̀)))) �f : D ⊂ Rn → R§e
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�3X ∗ ∈ D9¢êδ > 0§¦�∀X ∈ N◦(X ∗, δ)
⋂
DÑ

kf(X ∗) ≤ f(X )§ K ¡X ∗�f(X )� Û Ü 4 � : ¶

ef(X ∗) < f(X )§K¡X ∗�f(X )�î�ÛÜ4�:¶e

é∀X ∈ D§Ñkf(X ∗) ≤ f(X )§K¡¡X ∗�f(X )��Û

4�:¶ef(X ∗) < f(X )§K¡X ∗�f(X )��Ûî�4�

:"
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0

1.4.1 ÛÛÛÜÜÜ444���:::������½½½^̂̂���

½n 1.18 �f : D ⊂ Rn → R§fäkëY��� �ê§
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eX ∗´f(X )�ÛÜ4�:�´D�S:§K∇f(X ∗) = 0"

½Â 1.19 (777:::) �f : D ⊂ Rn → R§X ∗´D�S:§

e∇f(X ∗) = 0§K¡X ∗�f(X )�7:"

½n 1.20 �f : D ⊂ Rn → R§äkëY���

 �ê§X ∗�f(X )�7:§�∇2f(X ∗)´�½Ý
§

KX ∗´f(X )�î�ÛÜ4�:"

y²

f(X )−f(X ∗) =
1

2
(X−X ∗)T∇2f(X ∗)(X−X ∗)+o(‖(X−X ∗)‖2)

λ1‖X−X ∗‖2 ≤ (X−X ∗)T∇2f(X ∗)(X−X ∗) ≤ λn‖X−X ∗‖2
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y

§ 1.5 ààà888!!!ààà¼¼¼êêê���ààà555yyy

1.5.1 ààà888

AÛ�*þ§e8ÜD¥�?¿ü:�ë�E3D¥§K

¡D�à8"

½Â 1.21 (ààà888) �D ⊂ Rn§eé¤k�X 1§X 2 ∈ D§

±9α ∈ [0, 1]§ÑkαX 1 + (1− α)X 2 ∈ D§K¡D�à8"

~ 1.22 ²¡S = {(x1, x2, x3)|x1 + 2x2 − x3 = 4}´à8"

~ 1.23 S = {X |AX ≤ b,X ∈ Rn,A ∈ Rm×n}´à8"
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~ 1.24 eA§B´Rn¥�à8§KA
⋂
B§A+B§A−B�

´à8§�A
⋃
B��Ø´"

½Â 1.25 (ààà|||ÜÜÜ) �X 1§X 2§· · ·§Xm ∈

Rn§α1§α2§· · ·§αm§´�|�K¢ê§�
∑m

i=1 αi = 1§

K

α1X
1 + α2X

2 + · · ·+ αmX
m =

m∑
i=1

αiX
i

¡����à|Ü"

½n 1.26 D ⊂ Rn�à8�¿�^�´D¥?¿k��:

�à|ÜE3D¥"

y² êÆ8B{" y
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1.5.2 ààà¼¼¼êêê

lAÛþw§�þ?¿ü:�ë�3�Alã�þ�§

=u3l�þ"

½Â 1.27 (ààà¼¼¼êêê) �f : D ⊂ Rn → R§D´à8§eé

¤k�X 1§X 2 ∈ D§±9α ∈ (0, 1)§Ñk

f [αX 1 + (1− α)X 2] ≤ αf(X 1) + (1− α)f(X 2),

K¡f(X )�Dþ�à¼ê"

~ 1.28 f(x) = 3x+ 4§g(x) = |x|
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~ 1.29 f(X ) = 2x21 + x22 − 2x1x2

~ 1.30 f(X ) = c1x1 + c2x2 + · · ·+ cnxn

~ 1.31 f(X ) = X T(AX)§A = AT§X ∈ Rn

£I¤eA���½Ý
§Kf(X )�à¼ê"

£II¤eA��½Ý
§Kf(X )�î�à¼ê"

½n 1.32 �f : D ⊂ Rn → R§D´à8§Kf(X )´Dþ

à¼ê�¿�^�´é?¿��êm(m ≥ 2)9?¿

Ø��Ó�X 1§X 2§· · ·§Xm ∈ D§XJαi ≥ 0(i =
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1, 2, · · · ,m)§
∑m

i=1 αi = 1§Kk

f(
m∑
i=1

αiX
i) ≤

m∑
i=1

αif(X i).

½n 1.33 �f : D ⊂ Rn → R§D´ � � à

8§f(X )3Dþ��§Kf(X )3Dþ´à¼ê�¿�^�

´é?¿�X 1§X 2 ∈ D§Ñk

f(X 2) ≥ f(X 1) +∇f(X 1)T (X 2 −X 1).

y² 7�5µd���

f [X 1 + α(X 2 −X 1)] =
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f(X 1) +∇f(X 1)Tα(X 2 −X 1) + o(α‖X 2 −X 1‖).

¤±

lim
α→0+

f [X 1 + α(X 2 −X 1)]− f(X 1)

α
= ∇f(X 1)Tα(X 2 −X 1).

qdà¼ê�½Â��

f [X 1 + α(X 2 −X 1)]− f(X 1)

α
≤ f(X 2)− f(X 1).

¿©5µ-Y = αX 1 + (1− α)X 2 ∈ D(à8)§¤±

f(X 1) ≥ f(Y ) +∇f(Y )T (X 1 −Y ),
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f(X 2) ≥ f(Y ) +∇f(Y )T (X 2 −Y ),

©O¦±α§1− α��\=�" y

½n 1.34 �f : D ⊂ Rn → R§D´ � � à

8§f(X )3DþäkëY��� �ê§Kf(X )3Dþ´

à¼ê�¿�^�´∇2f(X )´��½Ý
"

y² ¿©5µTaylorúªÐ���"d½n1.33��"

7�5µé∀X ∈ D§Y ∈ D§∃λ¦�X + λY ∈ D§Ï

dd½n1.33ÚTaylorúª�µ

1

2
Y T∇2f(X )Y +

o(λ2‖Y ‖2)
λ2‖Y ‖2

‖Y ‖2 ≥ 0.
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y

~ 1.35 f(X ) = 3x21 − 2x1 + 2x22 − x2 + 10´ à ¼

ê"
(
∇2f(X ) =

 6 0

0 4

)

1.5.3 ààà555yyy

½Â 1.36 (ààà555yyy) éu

min f(X )

s.t.

gi(X ) ≥ 0 (i = 1, 2, · · · ,m)

(1-5-12)
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ef(X )�−gi(X )Ñ´à¼ê§KÙ�à5y"

~ 1.37 �55y

minC TX

s.t.

AX ≥ b

X ≥ 0

�à5y"

½n 1.38 e�5y(1-5-12)�à5y§Kk

£1¤5y(1-5-12)��18R�à8¶
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£2¤5y(1-5-12)��`)8R∗�à8¶

£3¤5y(1-5-12)�?ÛÛÜ�`)��Û�`)"

y² £1¤d−gi(X )�à5´y"

£2¤�X 1§X 2 ∈ R∗§dà5�§

f(X 1) ≤ [αX 1 + (1− α)X 2] ≤ f(X 1).

¤±§αX 1 + (1− α)X 2 ∈ R∗§R∗�à8"

£3¤eX´ÛÜ�`)§Ø´�Û�`)§@o�

3Y ∈ R§¦�

f [αX + (1− α)Y ] ≤ αf(X ) + (1− α)f(X ) = f(X ),
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αX +(1−α)Y ∈ N(X , δ)
0<α<1−−−−→
α→1−

f(X ) ≤ f(αX +(1−α)Y ).

üªgñ" y

½n 1.39 �5y(1-5-12)�à5y§�f(X )�î�à¼

ê§K�5y(1-5-12)��`)8R∗ 6= ∅�§5y(1-5-12)�

�`)´���"

y² �y"5y(1-5-12)��`)Ø��§K∃X 1 6= X 2(∈

R∗)§¦�

f [αX + (1− α)X 2] ≤ αf(X 1) + (1− α)f(X 2) = f(X 1)

= min
X∈R

f(X ).
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Ïd�X 1 ∈ R∗gñ" y

½n 1.40 �à5y(1-5-12)�8I¼êf(X )��§KX ∗�

5y1-5-12��`)�¿�^�´§∀X ∈ R§k

(X −X ∗)T∇f(X ∗) ≥ 0.

y² ¿©5µ

f(X ) ≥ f(X ∗) +∇f(X ∗)T (X −X ∗) ≥ f(X ∗).

7�5µ
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e�3X 0 ∈ R§¦�(X 0 −X ∗)Tf(X ∗) < 0§K

f [X ∗ + α(X 0 −X ∗)]− f(X ∗)

= α∇f(X ∗)T (X −X ∗) + o(α‖X 0 −X ∗‖)

= α
(

(X 0 −X ∗)Tf(X ∗) +
o(α‖X 0 −X ∗‖)

α

)
≤ 0.

ù�X ∗��`)gñ" y
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^2����©|"

§ 2.1 ~~~fff���IIIOOO///ªªª

~ 2.1 (eee���¯̄̄KKK) ,�mk�Ý�180cm�g+§8

� ò Ù � ¤ n « Ø Ó � Ý Ø Ó � + � § � Ý ©

O�70cm!52cm!35cm")�?Ö5½§70cm�+�

� I100� § 52cm!35cm� + � © O Ø � � u150

�!120�§¯Aæ�N���{§âU�¤?Ö§Ó�
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¦�e�{���º

) ¤k�U��{�eLµ

L 2.1 �{

�{ � � n o Ê 8 Ô l I�þ

70 2 1 1 1 0 0 0 0 100

52 0 2 1 0 3 2 1 0 150

35 1 0 1 3 0 2 3 5 120

{� 5 6 23 5 24 6 23 5

�1i«�{�æ^xig§Kê|(xi, x2, · · · , x8)�£ã�
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�����Y"KêÆ�.�

min f(X ) = 5x1 + 6x2 + 23x3 + 5x4 + 24x5 + 6x6 + 23x7 + 5x8

s.t.

2x1 +x2 +x3 +x4 = 100

2x2 +x3 +3x5 +2x6 +x7 ≥ 150

x1 +x3 +3x4 +2x6 +3x7 +5x8 ≥ 120

xi ≥ 0, i = 1, 2, · · · , 8

y

~ 2.2 (]]]|||^̂̂¯̄̄KKK) �,è�km«ØÓ�]£X�

�!U!]7�¤^5)�n«�¬"^aijL«)���

ü 1j«�¬¤�Ñ�1i«]�êþ§^cjL«1j«�
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¬�üd"ù�è�yk�1i«]�êþ´bi§y3�

���U
¿©|^yk]�)�Oy§¦z«�¬3Ø

�Lyk]�^�e§o����"

) ^xjL«)�1j«�¬�êþ§du¤�Ñ�]ØU

�Lyk�]êþ§¤±

ai1x1 + ai2x2 + · · ·+ ainxn ≤ bi, (i = 1, 2, · · · ,m).
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T¯K�êÆ�.�µ

min(max)f(X ) = c1x1 + c2x2 + · · ·+ cnxn

s.t.

a11x1 + a12x2 + · · ·+ a1nxn ≤ b1

a21x1 + a22x2 + · · ·+ a2nxn ≤ b2

...

am1x1 + am2x2 + · · ·+ amnxn ≤ bm

xj ≥ 0, j = 1, 2, · · · , n

y
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��/§�55y��êÆ�.�

min f(X ) =
n∑
j=1

cjxj

s.t.
n∑
j=1

apjxj ≤ bp, p = 1, 2, · · · , u

n∑
j=1

aqjxj ≥ bq, q = u+ 1, u+ 2, · · · , u+ v

...
n∑
j=1

arjxj = br, p = u+ v + 1, · · · ,m

xj ≥ 0, j = 1, 2, · · · , n

(2-1-1)
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ÏL

£1¤max f(X ) = −min f(X )£4�¯K4�z¤

£2¤
∑n

j=1 apjxj + xn+p = bp£xn+p ≥ 0µtµCþ¤

£3¤
∑n

j=1 aqjxj + xn+q = bq£xn+q ≥ 0µ�{Cþ¤

£4¤∃xi ∈ R§K

£I¤xi = x+i − x−i ¶£x+i §x−i ≥ 0µgdCþ¤

£II¤ÏL)¹kxi��ª�åòCþ��"
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�=z��d�IO/ªµ

min f(X ) =
n∑
j=1

cjxj

s.t.
n∑
j=1

aijxj = bi, i = 1, 2 · · · ,m

xj ≥ 0, j = 1, 2, · · · , n

(2-1-2)

5 3IO.¥§��¦bi ≥ 0§(i = 1, 2, · · · ,m)"
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�55y�Ý
/ªµ

min f(X ) = C TX

s.t.

AX = b

X ≥ 0

(2-1-3)
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ùp

A =



a11 a12 · · · a1n

a21 a22 · · · a2n

... ... · · · ...

am1 am2 · · · amn


,X =



x1

x2

...

xn



C =



c1

c2

...

cn


, b =



b1

b2

...

bn
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e-P j = (a1j, a2j, · · · , amj)T§K�55y(2-1-3)�z¤

e¡��þ/ª

min f(X ) = C TX

s.t.
n∑
j=1

xjP j = b or

n∑
j=1

P jxj = b

X ≥ 0

(2-1-4)
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~ 2.3 òe¡��55yz�IO.

max f(X ) = x1 − 2x2 + 3x3

s.t.

2x1 − 7x3 ≤ 0

3x1 + 2x2 ≥ 0

x1 + x2 + x3 = 5

x1, x2 ≥ 0, x3 ∈ R

§ 2.2 ���������555555yyy���ããã))){{{

ÙéuJÑÚn)����55y�nØ�¦)�{ké
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���Ï"

~ 2.4

min f(X ) = −x1 − 2x2

s.t.

− x1 + 2x2 ≤ 4

3x1 + 2x2 ≤ 12

x1, x2 ≥ 0.

dc¡�~f�±w�

£1¤R = ∅§Ã�`)¶
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min f(X ) = −x1 − 2x2

s.t.

− x1 + 2x2 ≤ 4

3x1 + 2x2 ≤ 12

x1, x2 ≥ 0.

−0.5 1 2 3 4 5

−1

1

2

3

4

0

−∇f(X)

X∗(2, 3)
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£2¤R�k.48§k����`)½Ã¡õ��`)¶

£3¤R�Ã.8§�Uk�`)§��UÃ�`)"

§ 2.3 ÄÄÄ���VVVggg���)))���555���

d!�e¡0��55y�üX/�{C½Ä:§Ðmg

´"
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éu�55y(2-1-3)§=

min f(X ) = C TX

s.t.

AX = b

X ≥ 0

Ù¥A = (aij)m×n§�rank(A) = m§Kn ≥ m"

2.3.1 ÄÄÄ���VVVggg

£1¤Ä

Pj1, j2, · · · , jm�1, 2, · · · , n¥m�ê���|Ü§eB =
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(P j1,P j2, · · · ,P jm)�_§KB¡��55y�Ä"P ji§j =

1, 2, · · · ,m¡�Ä�þ"xji¡�ÄCþ§Ù{�Cþ¡��

ÄCþ"

£2¤Ä�)

�B = (P j1,P j2, · · · ,P jm)´�55y(2-1-3)�Ä§Ù�

A�ÄCþXB = (xj1, xj2, · · · , xjm)T§K�§|BXB = bk

��)

XB = B−1b = (x0j1, x
0
j2, · · · , x0jm)T ,

-�ÄCþ�Ü�"§K��AX = b��|)

xj1 = x0j1, ∀j = 1, 2, · · · ,m. Ù{xj = 0.
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"ù�)¡�Ä�)"

£3¤�1)

{X |AX = b, X ≥ 0}

£4¤Ä�1)

Q´Ä�8§q´�1)"=¤k©þ�K�Ä�)"

5 ØÓ�Ä�õk
(
n
m

)
�§��Ä�õéA��Ä�1

)"

£5¤�`Ä�1)!�`Ä

eX 0´��Ä�1)§�é?¿�Ä�1)X§Ñ

kf(X 0) ≤ f(X )§K¡X 0��`Ä�1)"X 0¤éA
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�Ä��`Ä"

~ 2.5 ¦�å

x1 + x2 + x3 = 2

x1 + 2x2 + 4x3 = 6

x1, x2, x3 ≥ 0

�¤kÄ�1)"

) X 1 = (0, 1, 1)T§X 2 =
(
2
3, 0,

4
3

)T
" y
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~ 2.6 ¦�å

x1 + x2 + x3 = 2

x1 + 2x2 + 4x3 = 4

x1, x2, x3 ≥ 0

¤(½��ÜÄ�1)"

£6¤º:

�X 0 ∈ D ⊂ Rn§D´à8"XJX 0ØUL«�D¥Ù§

?¿ü�ØÓ:�à|Ü§K¡X 0�D�º:"
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2.3.2 ������~~~fff

~ 2.7 ,ó�3)�OyÏS�)�A§Bü«�¬§®�

)�ü �¬¤I�I§IIü«�á�±9����§XeL

¤«µ ez)����¬AÚB©O�¼|1�Ú3�§¯X

A B ��

�á�I 1 0 4(ë)

�á�II 0 1 3(ë)

�� 1 2 8(��)

ÛSü)�Oy�¦ó�¼|��º

) �)��¬A§B©O�x1§x2�§Kk

max f(X) = x1 + 3x2



1�Ù �55yÚüX/�{
Zhangxiaowei@uestc.edu.cn 2.3. Ä�Vg�)�5� 76

s.t.

x1 ≤ 4

x2 ≤ 3

x1 + 2x2 ≤ 8

Ú\tµCþx3§x4§x5§z�IO.

max f(X) = x1 + 3x2

s.t.

x1 + x3 = 4

x2 + x4 = 3



1�Ù �55yÚüX/�{
Zhangxiaowei@uestc.edu.cn 2.3. Ä�Vg�)�5� 77

x1 + 2x2 + x5 = 8

xi ≥ 0, i = 1 ∼ 5.

y

2.3.3 )))���555���

½n 2.8 (ÚÚÚnnn) �X´�55y(2-1-3)��1)§KX´

Ä�1)�¿�^�´X��"©þ3A¥¤éA���þ

|�5Ã'"

y² Ø��X = (x1, x2, · · · , xl, 0, · · · , 0)T§Ù¥xi > 0(i =

1, 2, · · · , l)"
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7�5µw,"

¿©5µdK�P1,P2, · · · ,P l�5Ã'§�l ≤ m"el =

m§KXÒ´Ä�1)£�òz¤"el < m§K�3A¥À

J(m − l)���þ�P1,P2, · · · ,P l�å�¤A�m��5Ã

'��þ|§ù�XÒ´Ä�1)£òz¤" y

½n 2.9 �55y(2-1-3)��1)X´�18S�º:�¿

�^�´X´Ä�1)"

y² ¿©5µ�X = (x1, x2, · · · , xm, 0, · · · , 0)T´��Ä�1

)"K

AX =
m∑
i=1

xiP i,
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Ù ¥ §P1,P2, · · · ,Pm� 5 Ã ' §A =

(P1,P2, · · · ,Pm,Pm+1, · · · ,Pn)"eXØ´S�º:§K

�3U ,V ∈ R§�U 6= V§¦�

X = a1U + a2V , a1, a2 > 0, a1 + a2 = 1.

dU ,V ≥ 0��

U = (u1, u2, · · · , um, 0, · · · , 0)T ,

V = (v1, v2, · · · , vm, 0, · · · , 0)T ,
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qU ,V´�1)§¤±

m∑
i=1

uiP i = b,

m∑
i=1

viP i = b.

dP1,P2, · · · ,Pm�5Ã'§�

u1 − v1 = u2 − v2 = · · · = um − vm = 0.

=U = V"�X�º:gñ"

7�5µ�X´S�º:§�Ø��X�cl�©þ�u
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"§Ù{©þ�Ü�"§=

X = (x1, x2, · · · , xl, 0, · · · , 0)T .

qX ∈ S�

AX = b.

eP1,P2, · · · ,P l�5�'§K�3�|Ø��"�

êy1, · · · , yl§¦
l∑

i=1

yiP i = 0.

-Y = (y1, · · · , yl, 0, · · · , 0)T
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K?¿�ε§-

U = X + εY , V = X − εY .

K

AU = AX + εAY = b, AV = AX − εAY = b

�ε = min j=1,··· ,l
yj 6=0

{ xj
|yj |
}
§Kε > 0§�ε|yj| ≤ xj§j =

1, · · · , l.

¤±

U = X + εY ≥ 0, V = X − εY ≥ 0.
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u´U ,V ∈ S§X = 1
2U + 1

2V§ù�X�º:gñ"

¤±P1,P2, · · · ,P l�5Ã'§ldrank(A) = m��l ≤

m§¤±XÒ´Ä�1)" y

½n 2.10 e�55y(2-1-3)k�`)§K73Ù�1

8S�º:?��"

y² �X 0´�`)§eX 0 = 0§K7�S�º:"e

�X 0 = (x1, x2, · · · , xl, 0, · · · , 0)T 6= 0§�Ø´Sº:§Ù

¥xi > 0, (i = 1, 2, · · · , l)"ÏX 0Ø´S�º:§lØ´Ä�

1)§Ïd�3�|Ø��"�êy1, · · · , yl§¦

y1P1 + y2P2 + · · ·+ ylP l = 0.
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�ε = min j=1,··· ,l
yj 6=0

{ xj
|yj |
}
§Y = (y1, · · · , yl, 0, · · · , 0)T§Kdþ�

�½n�y²��

X 1 = X 0 + εY ∈ S, X 2 = X 0 − εY ∈ S.

df(X )�55�

f(X 1) = f(X 0 + εY ) = f(X 0) + f(εY ),

f(X 2) = f(X 0 − εY ) = f(X 0)− f(εY ).

qdX 0´�`)§�

f(X 1)− f(X 0) = f(εY ) ≥ 0,
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f(X 2)− f(X 0) = −f(εY ) ≥ 0.

¤±f(εY ) = 0§f(X 1) = f(X 2) = f(X 0)"

=X 1§X 2Ñ´�`)"

dε��{�§X 1§X 2¥7k����"�þ'X 0��

����(dε�½Â�)"Ø��X 2��"©þ'X 0��"

XJX 2�Ø´Ä�1)§K��ìd{§lX 2 Ñu§�E

Ñ#��`)X 3§X 3��"©þ��ê'X 2�"UYe

�§3k�Ú½�§7���`)X k"eX k = 0§K�º

:¶eX k 6= 0§�Ù�"©þéA���þ|�5Ã'§K

ÙE,´Ä�1)§l�´º:" y
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§ 2.4 üüüXXX///{{{

éÑ�55y(2-1-3)¤k�Ä�1)é(J§cÙ�n >>

m'���"üX/{�Ä�g�´§l�55y�,��

º:Ñu§÷X¦8I¼ê�eü���Ïée��º:"

2.4.1 OOO���óóó���

£1¤�`)�OOKµS�Û�ª�§�`)é�"

�

A = (I ,N ),

ù pI = (P1,P2, · · · ,Pm)� ü   Ý 
 §N =
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(Pm+1, · · · ,Pn)"

X I = (x1, x2, · · · , xm)T ,

XN = (xm+1, xm+2, · · · , xn)T ,

C I = (c1, c2, · · · , cm)T ,

CN = (cm+1, cm+2, · · · , cn)T ,

Kk

X =

 X I

XN

 , C =

 C I

CN

 .
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u´�55y(2-1-3)�P�

min f(X ) = C T
IX I + C T

NXN

s.t.

IX I + NXN = b

X I ≥ 0, XN ≥ 0

(2-4-5)
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w,X 0 =

 b

0

§¤éA�8I¼ê��

f(X 0) =

(
C T

I C T
N

) b

0

 = C T
I b.

�X =

 X I

XN

´�55y�?��1)§�A�¼ê�
�

f(X ) = C T
I (b−NXN)+C T

NXN = f(X 0)−(C T
IN−C T

N )XN .
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dXN ≥ 0��§eC T
IN − C T

N ≤ 0§Kkf(X ) ≥

f(X 0)"=d�f(X 0)´�55y��`)"

Ïd��e¡�½n

½n 2.11 éu�55y(2-4-5)§�C T
IN − C T

N ≤ 0�§

KX 0 = (b 0 )TÒ´ù��55y��`)"

^©þ�/ªL«

σj = C T
IP j − cj, j = m+ 1, · · · , n.

σj = C T
IP j − cj = 0, j = 1, · · · ,m.

ùpP j = (0, · · · , 1[j], · · · , 0)T )"
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Ïdþã½n�Qã�µ

½n 2.12 e�55y(2-4-5)§�σj ≤ 0, (j = 1, · · · , n)�§

KX 0 = (b 0 )TÒ´ù��55y��`)"

~ 2.13 �äX 0 = (4, 0, 5, 0)T´Ä�e¡�55y��`
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)"

min f(X ) = x1 + 2x2 + 3x3 − 2x4

s.t.

x1 − 2x2 + 4x4 = 4

x2 + x3 − 2x4 = 5

xj ≥ 0, j = 1, · · · , 4

(2-4-6)

½n 2.14 e�55y(2-4-5)�,��Oêσj > 0§�A

���þP j ≤ 0§K�55y(2-4-5)Ã�`)"

y² �(P1, · · · ,Pm) = I§
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K

b1P1 + · · ·+ bmPm = b,

a1jP1 + · · ·+ amjPm = P j.

¤±

(b1 − θa1j)P1 + · · ·+ (bm − θamj)Pm + θP j = b.

��θ > 0�§

bi − θaij ≥ 0, i = 1, · · · ,m.

�X θ = (b1 − θa1j, · · · , bm − θamj, · · · , θ[j], · · · )T§KX θ´
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�55y(2-4-5)��1)"

Ï�

f(X θ) =
m∑
i=1

ci(bi − θaij) + cjθ

=
m∑
i=1

cibi − θ
( m∑

i=1

ciaij − cj
)

=
m∑
i=1

cibi − θσj

¤±�θ → +∞�

f(X θ)→ −∞.
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=f(X )3�18¥Ãe.§Ïd�55yÃ�`)" y

~ 2.15 �55y

min f(X ) = x1 − x2

s.t.

3x1 − 2x2 + x3 = 1

2x1 − x2 + x4 = 5

xj ≥ 0, j = 1, · · · , 4

(2-4-7)

Ã�`)"

) Ïσ2 > 0§P2 < 0" y
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éu��¯K

�55y(2-1-3)§=

min f(X ) = C TX

s.t.

AX = b

X ≥ 0

(2-4-8)

�rank(A) = m§A = (B ,N )§B�_§�B�Ä"

¤±
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min f(X ) = C T
BXB + C T

NXN

s.t.

BXB + NXN = b

XB ≥ 0, XN ≥ 0

(2-4-9)

dB�_§�

XB = B−1b −B−1NXN .
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u´

f(X ) = C T
B(B−1b −B−1NXN ) + C T

NXN

= C T
BB

−1b + (C T
N −C T

BB
−1N )XN

(2-4-10)

eB−1b ≥ 0§K

X =

 XB

XN

 =

 B−1b
0

 .
´�55y2-4-9���Ä�1)"

eC T
BB

−1N −C T
N ≤ 0
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Kdª£2-4-10¤��§éu?��1)X§7k

f(X ) ≥ C T
BB

−1b.

�X =

 B−1b

0

 ��55y��`)"
C T

BB
−1A−C T = C T

BB
−1(B ,N )− (CB ,CN )T

= (C T
B ,C

T
BB

−1N )− (CB ,CN )T

= (0,C T
BB

−1N −C T
N )

(2-4-11)

¤±C T
BB

−1N −C T
N ≤ 0⇔ C T

BB
−1A−C T ≤ 0

¯¢þ§®²y²
éuþª½Â��Oêσj =
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C T
BB

−1P j − cj, j = 1, · · · , n§c¡�ü�½n¤á"

£2¤�Ä$�µl��Ä�1)£º:¤S�Ñ£=

�¤,��Ä�1)£º:¤"

�Äe¡AÏ��å

x1 + a1,m+1xm+1 + · · ·+ a1,nxn = b1

x2 + a2,m+1xm+1 + · · ·+ a2,nxn = b2

xm + am,m+1xm+1 + · · ·+ am,nxn = bm

xj ≥ 0, j = 1, · · · , n
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y3lÄ�1)X ÑuÏé#�Ä�1)"

-

(Ab) =



1 a1,m+1 · · · a1l · · · a1n b1

. . . · · ·

1 ak,m+1 · · · akl · · · akn bk

. . . · · ·

1 am,m+1 · · · aml · · · amn bm


Ù¥§I = (P1,P2, · · · ,Pm)"

eakl 6= 0§K�^Ý
�Ð�1C�£Ø�1¤ò1i�C
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¤Ð©ü �þ

(0, · · · , 0, 1[l], 0, · · · , 0)T .

ù�PkC��Ð©ü �þ§Ó�(Ab)C�

(A′b ′) =



1 a′1k a′1,m+1 · · · 0 · · · a′1n b′1

. . . ... · · ·

a′kk ak,m+1 · · · 1 · · · a′kn b′k

... . . . · · ·

a′mk 1 a′m,m+1 · · · 0 · · · a′mn b′m
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Ù¥

a′kj =
akj
akl

, j = 1, · · · , n

a′ij = aij −
akj
akl

ail, i = 1, · · · ,m; i 6= k; j = 1, · · · , n

b′k =
bk
akl

b′i = bi −
bk
akl
ail, i = 1, · · · ,m; i 6= k

(2-4-12)

u´�#Ä

I = (P1, · · · ,Pk−1,P l,Pk+1, · · · ,Pm).
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ùp

akl¡�Ì�§

P l�?Ä�§

PkÑÄ�§

xl�?ÄCþ§

xkÑÄCþ"

3�Ä$�¥§XÛÀJÌ�º

-

X ′ = (b′1, · · · , b′k−1, 0, b′k+1, · · · , bm, 0, · · · , b′k[l], 0, · · · , 0)T ,
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db′i + ailb
′
k = bi − bk

akl
ail + bk

akl
ail = bi �

AX ′ =



b′1 + a1lb
′
k

b′2 + a2lb
′
k

...

b′m + amlb
′
k


=



b1

b2

...

bm


= b.

eX ′ ≥ 0§KX ′Ò´��Ä�1)§X ′ ≥ 0Ò´b′i ≥

0, i = 1, 2, · · · ,m"

¤±�ÎÜ^�

bk
akl

= min
i=1,··· ,m

{ bi
ail

∣∣∣ail > 0
}

(2-4-13)
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�akl�Ì�§é?1�Ä$�"

l��#Ä

I = (P1, · · · ,Pk−1,P l,Pk+1, · · · ,Pm)

Ú#Ä�1)

X ′ = (b′1, · · · , b′k−1, 0, b′k+1, · · · , bm, 0, · · · , b′k[l], 0, · · · , 0)T .

(2-4-14)

Ï�Ä$��Uìe¡Ú½?1µ

£I¤3?Ä�P l¥Uìª(2-4-13)ÀJÌ�¶

£II¤Uìª(2-4-12)O�b′§��Xª(2-4-14)¤«�#Ä
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�1)"

~ 2.16 �½�å

x1 + 3x4 − x5 + 3x6 = 2

x2 + 2x4 − 2x5 + x6 = 1

x3 − 2x4 − x5 + 2x6 = 3

xj ≥ 0, j = 1, · · · , 6
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w,§X 0 = (2, 1, 3, 0, 0, 0)T´��Ð©Ä�1)"

(Ab) =


1 0 0 3 −1 3 2

0 1 0 2 −2 1 1

0 0 1 −2 −1 2 3


eòP4�?Ä�þ§KÌ�ak4÷v

bk
ak4

= min
i

{ bi
ai4

∣∣∣ai4 > 0
}

= min
i

{2

3
,
1

2

}
=

1

2
=

b2
a24

.
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?1�Ä$���

(Ab) =


1 −3

2 0 0 2 3
2

1
2

0 1
2 0 1 −1 1

2
1
2

0 1 1 0 −3 3 4


#�Ä�1)�

X 1 = (
1

2
, 0, 4,

1

2
, 0, 0)T .

£3¤?Ä��ÀJµÀJN��?Ä�£�Ä$�¤�

±¦8I¼êk���eü"
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½n 2.17 e�55y(2-4-9)§=

min f(X ) = C T
BXB + C T

NXN

s.t.

BXB + NXN = b

XB ≥ 0, XN ≥ 0

÷v±e^�

£I¤Ä�1)X 0 =

 B−1b

0

�òz¶
£II¤P l��Oêσl > 0¶

£III¤P l�©þ¥��k����"
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K^P l��?Ä�ò��¦8I¼êeü�Ä�1)"

y² ùp�?ØB = I��/

Ï�I = (P1, · · · ,Pm)§¤±
∑m

i=1(bi−θail)P i+θP l = b"

-

θ =
bk
akl

= min
1≤i≤m

{ bi
ail

∣∣∣ail > 0
}
.

Kθ > 0�þª¥bk − θakl = 0§Ù{��Xêbi − θail(,

x′i) ≥ bi − bi
ail
ail = 0"

¤±X θ = (x′1, · · · , x′k−1, 0, x′k+1, · · · , x′m, · · · , 0, θ[l], 0, · · · , 0)T
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´Ä�1)§��A�8I¼ê��

f(X θ) =
m∑
i=1
i 6=k

cix
′
i + clθ

=
m∑
i=1

ci(bi − θail) + ciθ

=
m∑
i=1

cibi − θ
( m∑

i=1

ciail − cl
)

= f(X 0)− θσl

Ï�θ > 0±9σl > 0§¤±

f(X θ) < f(X 0).
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y

Ï~�¹e§÷v?Ä^���éõ§KÀJ�Oê��

�@����?Ä�£∆f(X ) = f(X θ)− f(X 0) = −θσl¤§

ù�8I¼ê��Uò¼����eü"
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~ 2.18

min x2 − 3x3 + 2x5

s.t.

x1 + 3x2 − x3 + 2x5 = 7

− 2x2 + 4x3 + x4 = 12

− 4x2 + 3x3 + 8x5 + x6 = 10

xi ≥ 0, i = 1 ∼ 6.

2.4.2 üüüXXX///���{{{

£1¤Ð©üX/L
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éu�55y(2-4-9)§¡Ý
 B−1A B−1b

C T
BB

−1A−C C T
BB

−1b

 (2-4-15)

�Ð©üX/L"

AO/§��B = I§k I N B

0 σTN f0 = C T
I b

 (2-4-16)

Ð©üX/L�

Ð©üX/L¥P¹±e&Eµ
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L 2.2 Ð©üX/L

P1 · · · Pk · · · Pm Pm+1 · · · Pl · · · Pn b

1 a1,m+1 · · · a1l · · · a1n b1
. . .

...
...

...
...

1 ak,m+1 · · · akl · · · akn bk
. . .

...
...

...
...

1 am,m+1 · · · aml · · · amn bm
0 · · · 0 · · · 0 σm+1 · · · σl · · · σn f0

£I¤�ª�å�k'êâ¶

£II¤���þ��Oê¶

£III¤Ð©Ä�1)¶

£IV¤éAÐ©Ä�1)�8I¼ê�"

£2¤�Ä$�
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3üX/Lþ��Ä$�§d½n2.17(½?Ä�P l§U

ª(2-4-13)(½Ì�akl§,�Uìª(2-4-12)��Ä$�"

u´þãüX/LC¤e¡�#üX/L"

L 2.3 #üX/L

P1 · · · Pk · · · Pm Pm+1 · · · Pl · · · Pn b

1 a′1k a′1,m+1 · · · 0 · · · a′1n b′1
. . .

...
...

...
...

...

a′kk a′k,m+1 · · · 1 · · · a′kn b′k
...

. . .
...

...
...

...

a′mk 1 a′m,m+1 · · · 0 · · · a′mn b′m
0 · · · σ′k · · · 0 σ′m+1 · · · 0 · · · σ′n f ′

N´y²e¡�½n¤á:

½n 2.19 £I¤σ′j = σj − akj
akl
σlÒ´#LP j¥��Oê¶
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£II¤f ′ = f0 − bk
akl
σlÒ´#Ä�1)

X 1 = (b′1, · · · , b′k−1, 0, b′k+1, · · · , b′m, 0, · · · , 0, b′k, 0, · · · , 0)T

¤éA�8I¼ê�"
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y² £I¤

σ′j = σj −
akj
akl

σl

=
( m∑

i=1

ciaij − cj
)
− akj
akl

( m∑
i=1

ciail − cl
)

=
m∑
i=1

ci

(
aij −

akj
akl

ail

)
+ cl

akj
akl
− cj

=
m∑
i=1
i 6=k

cia
′
ij + cla

′
kj − cj

= C T
IP j − cj

(2-4-17)

ùpI = (P1, · · · ,Pk−1,P l,Pk+l, · · · ,Pm)´#Ä"
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£II¤

f ′ = f0 −
bk
akl
σl

=
m∑
i=1

cibi −
bk
akl

( m∑
i=1

ciail − cl
)

=
m∑
i=1
i 6=k

ci

(
bi −

bk
akl
ail

)
+ cl

bk
akl

=
m∑
i=1
i 6=k

cib
′
i + clb

′
k

= f(X 1)

(2-4-18)

y
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dþã½n��§3?1�Ä$��§�±�¿éüX/

L����1�XeCzµ

σ′j = σj −
akj
akl

σl

f ′ = f0 −
bk
akl
σl

(2-4-19)

£3¤üX/�{

�A¥km���þP j1,P j2, · · · ,P jm�¤ü Ý
I§K

A = (P1,P2, · · · ,Pn)

I = (P j1,P j2, · · · ,P jm)
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b = (b1, b2, · · · , bm)

C T = (c1, c2, · · · , cn)

C T
I = (cj1, cj2, · · · , cjm)
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���{{{ 2.1üX/�{
ÚÚÚ½½½ 1 �EÐ©üX/L[

P1 P2 · · · Pm b

σ1 σ2 · · · σn f0

]

Ù¥§

σj = C T
I P j − cj, j = 1, · · · , n,

f0 = C T
I b.

ÚÚÚ½½½ 2 ¦σl = max1≤j≤n{σj}"

ÚÚÚ½½½ 3 eσl ≤ 0§KX´�`)§ÄK=Ú½4"

ÚÚÚ½½½ 4 eP ≤ 0§KÃ�`)§ÄK=Ú½5"

ÚÚÚ½½½ 5 ¦ bk
akl

= min1≤i≤n

{
bi
ail

∣∣∣ail > 0
}
"

ÚÚÚ½½½ 6 ±akl�Ì�éüX/L��Ä$���#üX/L§=Ú

½2"
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~ 2.20

min f(X ) = x2 − 3x3 + 2x5

s.t.

x1 + 3x2 − x3 + 2x5 = 7

− 2x2 + 4x3 + x4 = 12

− 4x2 + 3x3 + 8x5 + x6 = 10

xj ≥ 0, j = 1, · · · , 6

) Ð © ÄI = (P1,P4,P6)§ Ð © Ä � 1 )X 0 =

(7, 0, 0, 12, 0, 10)T§CT
I = (0, 0, 0)T"
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dσj = C T
IP j−cj�µσ2 = −1§σ3 = 3§σ5 = −2"w,Ä

Cþ¤éA��Oêσ1 = σ4 = σ6 = 0"ù�f0 = C T
I b = 0"

Ð©üX/LXe

L 2.4 üX/L

P1 P2 P3 P4 P5 P6 b

1 3 -1 0 2 0 7

0 -2 4 1 0 0 12

0 -4 3 0 8 1 10

0 -1 3 0 -2 0 0

3�"�Oê¥§�kσ3 > 0§�P3k�©þ§�òÙÚ

\Ä."

d bk
ak3

= min
{
bi
ai3

∣∣∣ai3 > 0
}

= min
{

12
4 ,

10
3

}
= 12

4§��§
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Àa23�Ì�§,���Ä$�"#üX/LXeµ

L 2.5 üX/L

P1 P2 P3 P4 P5 P6 b

1
5

2
0 1

4 2 0 10

0 − 1
2 1 1

4 0 0 3

0 − 5
2 0 − 3

4 8 1 1

0 1
2 0 − 3

4 -2 0 -9

3dL¥§Ó{§P2?Ä§a12�Ì�"��Ä$�"

L 2.6 üX/L

P1 P2 P3 P4 P5 P6 b

2

5
1 0 1

10
4
5 0 4

1
5 0 1 3

10
2
5 0 5

1 0 0 − 1
2 10 1 11

− 1
5 0 0 − 4

5 − 12
5 0 -11



1�Ù �55yÚüX/�{
Zhangxiaowei@uestc.edu.cn 2.4. üX/{ 127

�d§¤k�Oê�u�u0§��cÄ�1)X ∗ =

(0, 4, 5, 0, 0, 11)T��`)§�`��f(X ∗) = −11" y

~ 2.21

min f(X ) = −x1 − 2x2

s.t.

x1 ≤ 4

x2 ≤ 3

x1 + 2x2 ≤ 8

xj ≥ 0, j = 1, 2
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) =z�IO.

min f(X ) = −x1 − 2x2

s.t.

x1 + x3 = 4

x2 + x4 = 3

x1 + 2x2 + x5 = 8

xj ≥ 0, j = 1, · · · , 5

y
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L 2.7 üX/L

P1 P2 P3 P4 P5 b

1 0 1 0 0 4

0 1 0 1 0 3

1 2 0 0 1 8

1 2 0 0 0 0

L 2.8 üX/L

P1 P2 P3 P4 P5 b

1 0 1 0 0 4

0 1 0 1 0 3

0 2 -1 0 1 4

0 2 -1 0 0 -4

§ 2.5 ÐÐÐ©©©ÄÄÄ���111)))���(((½½½{{{

é���55y§A�7fÐk��m�ü Ý
§Ïd
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L 2.9 üX/L

P1 P2 P3 P4 P5 b

1 0 1 0 0 4

0 0 1
2 1 − 1

2 1

0 1 − 1
2 0 1

2 2

0 0 0 0 -1 -8

vky¤�Ð©Ä�1)§�ù�±ÏLÚ\<óCþ��

{)û"
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éu�55y

min f(X ) = c1x1 + c2x2 + · · ·+ cnxn

s.t.

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2

...

am1x1 + am2x2 + · · ·+ amnxn = bm

xj ≥ 0, j = 1, 2, · · · , n

(2-5-20)
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2.5.1 üüü���ããã{{{

Ú\<óCþy1, y2, · · · , ym§�¤�55y

min g(Y ) = y1 + y2 + · · ·+ ym

s.t.

y1 + a11x1 + a12x2 + · · ·+ a1nxn = b1

y2 + a21x1 + a22x2 + · · ·+ a2nxn = b2

...

ym + am1x1 + am2x2 + · · ·+ amnxn = bm

yi ≥ 0, xj ≥ 0, i = 1, 2, · · · ,m, j = 1, 2, · · · , n

(2-5-21)
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<óCþ¤éA��d i = (0, · · · , 0, 1[i], 0, · · · , 0)T§i =

1, 2, · · · ,m¡�<ó�þ"I = (d 1,d 2, · · · ,dm)�ü Ý


"Y 0 = (b1, b2, · · · , bm)T�Ð©Ä�1)"

lY 0Ñu§é�55y(2-5-21)��Ä$�§�ÄCþ�

Ü��xj�§�A�Ä�1)Ò´�5y�Ð©Ä�1)"

©ÛXe"

^üX/{¦)�55y(2-5-21)��`)§����Üü
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X/L� 

d′11 · · · d′1m a′11 · · · a′1n b′1

d′21 · · · d′2m a′21 · · · a′2n b′2

... · · · ... ... · · · ... ...

d′m1 · · · d′mm a′m1 · · · a′mn b′m

σ′′1 · · · σ′′m σ′1 · · · σ′n g∗


Ù¥§g∗ =

∑m
i=1 y

∗
i"

©ü«�¹?Ø"

£1¤g∗ > 0
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�5yÃ�1)"ù´Ï�§e�5yk�1)X 0 =

(x1, · · · , xn)T§-Y 0 = (0, · · · , 0, x1, · · · , xn)TÒ´�55

y(2-5-21)��1)§�g(Y 0) = 0 < g∗"

£2¤g∗ = 0

Ké∀i = 1 ∼ m, yi = 0§

£I¤ÄCþ�3xi§i = 1 ∼ n¥§KÄ�1)Ò´�5y

�Ð©Ä�1)"

£II¤ÄCþØ�3xi§i = 1 ∼ n¥§'XykE,´ÄC
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þ§Kk0 = yk = b′k§d�§1k��å^��

m∑
i=1

d′kiyi +
n∑
j=1

a′kjxj = 0.

• a′kj = 0,∀j = 1 ∼ n§Kdyi = 0,∀i = 1 ∼ m��§d�

þª=�0 = 0§=35y2-5-21¥��Kþª§�Ò´3

ÄCþ¥�K
yk"

• a′kjØ��"§�a′kl 6= 0§K±a′kl�Ì�é���ÜüX

/L��Ä$�§PkÑÄ§ykdÄCþC��ÄCþ"

ù�§ÃØa′kl�K§þ±Ù�Ì�"

�Äµ ù��§3#�üX/L¥�U¬ÑyK�b′i, i ∈
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{1, · · · ,m}§ÏdÄ)Ø�½�Ä�1)§@o�YL§

�k¿Âíº

~ 2.22 (üüü���ãããüüüXXX///{{{)

min f(X ) = −x1 − x2

s.t.

x1 + x2 + x3 + x4 = 5

x2 + x4 = 2

x1 + 2x2 + x3 + 2x4 = 7

xj ≥ 0, j = 1, 2, 3, 4
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) �9Ï�55y

min f(X ) = y1 + y2 + y3

s.t.

y1 + x1 + x2 + x3 + x4 = 5

y2 + x2 + x4 = 2

y3 + x1 + 2x2 + x3 + 2x4 = 7

yi ≥ 0, i = 1, 2, 3; xj ≥ 0, j = 1, 2, 3, 4

UìüX/{§�üg�Ä$��§��

Ù¥Ä�(P1,P2,d 3)§Y ∗ = (0, 0, 0, 3, 2, 0, 0)T��`)"
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L 2.10 üX/L

d1 d2 d3 P1 P2 P3 P4 b

1 0 0 1 1 1 1 5

0 1 0 0 1 0 1 2

0 0 1 1 2 1 2 7

0 0 0 2 4 2 4 14

L 2.11 üX/L

d1 d2 d3 P1 P2 P3 P4 b

1 -1 0 1 0 1 0 3

0 1 0 0 1 0 1 2

-1 -1 1 0 0 0 0 0

-2 -2 0 0 0 0 0 0

ÏdX 0 = (3, 2, 0, 0)T��5y�Ð©Ä�1)" y
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~ 2.23

min x1 − x2

s.t.

− x1 + 2x2 + x3 ≤ 2

− 4x1 + 4x2 − x3 = 4

x1 − x3 = 0

xi ≥ 0, i = 1 ∼ 3.



1�Ù �55yÚüX/�{
Zhangxiaowei@uestc.edu.cn 2.5. Ð©Ä�1)�(½{ 142

) Ú\<óCþx5§x6§�E9Ï�55y

min x5 + x6

s.t.

− x1 + 2x2 + x3 + x4 = 2

− 4x1 + 4x2 − x3 + x5 = 4

x1 − x3 + x6 = 0

xi ≥ 0, i = 1 ∼ 6.

1��ã

^üX/{¦)�
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L 2.12 üX/L

P1 P2 P3 P4 d5 d6 b

-1 2 1 1 0 0 2

-4 4 -1 0 1 0 4

1 0 -1 0 0 1 0

-3 4 -2 0 0 0 4

-1/2 1 1/2 1/2 0 0 1

-2 0 -3 -2 1 0 0

1 0 -1 0 0 1 0

-1 0 -4 -2 0 0 0

Ï�<óCþx5§x6´ÄCþ§¤±ATO�Ñ"
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P1 P2 P3 P4 d5 d6 b

0 1 0 1/2 0 1/2 1

0 0 −5 -2 1 2 0

1 0 -1 0 0 1 0

0 1 0 1/2 0 1/2 1

0 0 1 2/5 -1/5 -2/5 0

1 0 0 2/5 -1/5 3/5 0

1��ã

P1 P2 P3 P4 b

0 1 0 1/2 1

0 0 1 2/5 0

1 0 0 2/5 0

0 0 0 -1/10 -1

¤±§X∗ = (0, 1, 0)T§f(X∗) = −1" y
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2.5.2 ���M{{{

Ð©Ä����¹e§��æ^�M{"

Ä�g�µ3�å¥O\<óCþXa = (y1, · · · , ym)T§Ó

�38I¼êþ\þv�MeTXa§ù�§3�`z8I¼ê

�L§¥§¬½¦<óCþXa lÄ"ùpe
T = (1, · · · , 1)"

min CTX +MeTXa

s.t.

AX +Xa = b

X ≥ 0, Xa ≥ 0.

(2-5-22)
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^üX/{¦)�55y(2-5-22)§Ù(J�:

(1)�55y(2-5-22)k�`)(X∗, Xa)
T§�Xa = 0§

KX∗���55y��`)¶

(2)�55y(2-5-22)k�`)(X∗, Xa)
T§�Xa 6= 0§

=eTXa > 0§K��55yÃ�1)"

y² e��55yk�1)X§K(X, 0)T´�55y(2-5-

22)��1)§K§

f
(
(X, 0)T

)
= CTX +MeT0 = CTX,
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,§

f
(
(X∗, Xa)

T
)

= CTX∗ +MeTXa.

y

(3)�55y(2-5-22)Ã�`)§K�5yÃ)"£y²

Ñ¤
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~ 2.24

min x1 + x2 − 3x3

s.t.

x1 − 2x2 + x3 ≤ 11

2x1 + x2 − 4x3 ≥ 3

x1 − 2x3 = 1

xi ≥ 0, i = 1 ∼ 3.
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) z�IO.�

min x1 + x2 − 3x3 +M(x6 + x7)

s.t.

x1 − 2x2 + x3 + x4 = 11

2x1 + x2 − 4x3 − x5 + x6 = 3

x1 − 2x3 + x7 = 1

xi ≥ 0, i = 1 ∼ 7.
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P1 P2 P3 P4 P5 P6 P7 b

1 -2 1 1 0 0 0 11

2 1 -4 0 -1 1 0 3

1 0 -2 0 0 0 1 1

3M -1 M -1 -6M+3 0 -M 0 0 4M

0 -2 3 1 0 0 -1 10

0 1 0 0 -1 1 -2 1

1 0 -2 0 0 0 1 1

0 M -1 1 0 -M 0 1-3M M+1

0 0 3 1 -2 2 -5 12

0 1 0 0 -1 1 -2 1

1 0 -2 0 0 0 1 1

0 0 1 0 -1 1-M -1-M 2

0 0 1 1/3 -2/3 2/3 -5/3 4

0 1 0 0 -1 1 -2 1

1 0 0 2/3 -4/3 4/3 -7/3 9

0 0 0 -1/3 -1/3 1/3-M -2/3-M -2

¤±X∗ = (9, 1, 4)T§f(X∗) = −2" y
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§ 2.6 üüüXXX///{{{���UUU???

2.6.1 ;;;���ÌÌÌ���

3½n2.17¥§Qb�Ä�1)

b
0

�òz§=b > 0"3

¢SO�¥§3kòz)��¹e§üX/{��E,k

�",1955cBeale�Ñ
üX/{ØU¦)�~f"
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min f(X ) = −3

4
x1 + 150x2 −

1

50
x3 + 6x4

s.t.

1

4
x1 − 60x2 −

1

25
x3 + 9x4 ≤ 0

1

2
x1 − 90x2 −

1

50
x3 + 3x4 ≤ 0

x3 ≤ 1

xj ≥ 0, j = 1, 2, 3, 4

ezgS�Ñr�å1���Ä�þÚ\Ä.§@o²

L6g�Ä$��§üX/Lq£�Ð©üX/L"�
;�



1�Ù �55yÚüX/�{
Zhangxiaowei@uestc.edu.cn 2.6. üX/{�U? 153

Ì�Ñy§1976cBlandJÑ
�«{ü´1��{µ

£1¤3¤k�Oê���@
�¥§±��>�@��

�?Ä�"=

l = min{j|σj > 0}.

£2¤3?Ä�¥kõ�©þÎÜÌ�^�§KÀJÄC

þeI���@��akl��Ì�"=

θ = min
i

{ bi
ail

∣∣∣ail > 0
}
,

k = min
i

{
i
∣∣∣θ =

bi
ail
, ail > 0

}
.
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2.6.2 ???���üüüXXX///{{{

éu�55y(2-4-9)§eB�_§K�å^�����

IXB + B−1NXN = B−1b.

�N = (Pm+1, · · · ,Pn)§ KB−1N = (BPm+1, · · · ,

B−1Pn)"=3¦)�cÄ�1)

[
B−1b 0

]T
�L§¥§

�N¥���þP lC¤
#���þB−1P l"eP l3e�g

´?Ä�§KÙ3?Äc®C¤

B−1P l = (a′1l, · · · , a′ml)T .
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u´§�I'%e¡�êâµ

£1¤σj = C T
BB

−1P j − cj¶

£2¤XB = B−1b¶

£3¤B−1P l"

½n 2.25 �3üX/{�,gS�¥�1Ä�B§K

±akl�Ì����Ä$��§¤�#Ä�_�

B ′−1 = E klB
−1.
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Ù¥§

E kl =



1 −a1l
akl

. . . ...

1 −ak−1,l
akl

1
akl

−ak+1,l

akl
1

... . . .

−aml
akl

1


k�

(2-6-23)
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?�üX/�{`:µ

£1¤�;�§zgS���;��ÄÝ
�_¶

£2¤$�þ~�§�K
Øë�S����þ�$�"

���{{{ 2.2?�üX/�{

ÚÚÚ½½½ 1 O�B−1§π = C T
BB

−1"

ÚÚÚ½½½ 2 O�σj = πP j − cj§e¤kσj��§K�cÄ�1)��
`)"ÄK=Ú½3"

ÚÚÚ½½½ 3 l = min{j|σj > 0}§O�B−1P l = (a1l, · · · , aml)T§e¤k
�ail��§K�5yÃ�`)"ÄK=Ú½4"

ÚÚÚ½½½ 4 ¦θ = mini

{
bi
ail

∣∣∣ail > 0
}
§k = mini

{
i
∣∣∣θ = bi

ail
, ail > 0

}
"

ÚÚÚ½½½ 5 /¤Ý
E kl"

ÚÚÚ½½½ 6 O�B ′−1 = E klB
−1§XB ′ = B ′−1b§B−1 := B ′−1§=Ú

½1"
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~ 2.26

min −4x1 − 3x2 − 6x3

s.t.

3x1 + 2x2 + 3x3 ≤ 30

2x1 + 2x2 + 3x3 ≤ 40

xj ≥ 0, i = 1, · · · , 3.

) Ú\tµCþx4!x5§òÙz�IO/ªµ

min −4x1 − 3x2 − 6x3

s.t.
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3x1 + 2x2 + 3x3 + x4 = 30

2x1 + 2x2 + 3x3 + x5 = 40

xj ≥ 0, i = 1, · · · , 5.

ùp§

A =

 3 2 3 1 0

2 2 3 0 1

§b =

30

40

.

1�Úµ

�B0 = (P4, P5) =

1 0

0 1

§(B0)
−1

=

1 0

0 1

§
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(B0)
−1
b = b§CT

B0 = (0, 0)§π = CT
B0(B0)

−1
= (0, 0)§

σ1 = πP1−c1 = 4§σ2 = πP2−c2 = 3§σ3 = πP3−c3 = 6§

(B0)
−1
P1 = (3, 2)T§min

{
30
3 ,

40
2

}
= 30

3§

¤±Ì��a11§?Ä��P1§ÑÄ��P4.

1�Úµ

E11 =

 1/3 0

−2/3 1

§
(B1)

−1
= (P1, P5)

−1 = E11(B
0)
−1

= E11§

(B1)
−1
b = E11b = (10, 20)T§CT

B1 = (−4, 0)§π =

CT
B1(B1)

−1
= (−4/3 , 0)§



1�Ù �55yÚüX/�{
Zhangxiaowei@uestc.edu.cn 2.6. üX/{�U? 161

σ2 = 1
3§σ3 = 2§σ4 = −4

3§

(B1)
−1
P2 = (23,

2
3)
T
§

min {10/(2/3 ) , 20/(2/3 ) } = 15§

¤±Ì��a12§?Ä��P2§ÑÄ��P1.

1nÚµ

E12 =

3/2 0

−1 1

§
(B2)

−1
= (P2, P5)

−1 = E12(B
1)
−1

= E12E11 =

1/2 0

−1 1

§
(B2)

−1
b = (15, 10)T§CT

B2 = (−3, 0)§π = CT
B2(B2)

−1
=
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(−3/2 , 0)§

σ1 = −1
2§σ3 = 3

2§σ4 = −3
2§

(B2)
−1
P3 = (32, 0)

T
§

¤±Ì��a13§?Ä��P3§ÑÄ��P2.

1oÚµ

E13 =

2/3 0

0 1

§
(B3)

−1
= (P3, P5)

−1 = E13(B
2)
−1

= E13E12E11 =1/3 0

−1 1

§
(B3)

−1
b = (10, 10)T§CT

B3 = (−6, 0)§π = CT
B3(B3)

−1
=
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(−2, 0)§

σ1 = −2§σ2 = −1§σ4 = −2§

¤±�`)�X∗ = (0, 0, 10)T§�`�f(X∗) = −60. y



111nnnÙÙÙ éééóóó���555555yyy

éz���½��55y§Ñ�3X��éA�éó�5

5y"ùü«�55y��`)�m�3X���éX"

§ 3.1 éééóóó¯̄̄KKK���JJJÑÑÑ

3.1.1 ²²²LLL¯̄̄KKK

~ 3.1 ,ó�3�±¥�Sü)�I!IIü«�¬§ùü«

�¬©O�3A§B§C§Do«ØÓ���þ\ó"§�3

���þ¤I��\ó�ê�ueL¥"®����3�±
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S�Jø���\ó�ê©O�12h§8h§16h§12h"T�

z)����¬I�¼|2Z�§z)����¬II�¼|3Z

�"¯ATXÛSü)�Oy§âU¼���|dº

L 3.1 \ó�ê

�¬\ �� A B C D

I 2 1 4 0

II 2 2 0 4

) �x1§x2©OL«3�±S�¬I!II��þ§KkêÆ�
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.µ

max f(X ) = 2x1 + 3x2

s.t.

2x1 + 2x2 ≤ 12

x1 + 2x2 ≤ 8

4x1 ≤ 16

4x2 ≤ 12

x1, x2 ≥ 0

(3-1-1)

y
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,��¡§b�ó�Ø)�ùü«�¬§´òùo«)

���^5�Âé	\ó§ÏLÂ\ó¤5¼���|d"

@o=�«�Y�¼���|dº

^ué	\ó§ó��ûüöâI�ÄXÛé)����

ó�?1½d"Ïd§½dA¦�U�$§�ØU$u)�

�¬I!II¤¼��|d"

� ù o « � � é 	 \ ó1h¤ ¼ � | d © O
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�w1§w2§w3§w4Z�§@où�¯K�êÆ�.�

min g(W ) = 12w1 + 8w2 + 16w3 + 12w4

s.t.

2w1 + w2 + 4w3 ≥ 2

2w1 + 2w2 + 4w4 ≥ 3

wj ≥ 0, j = 1, · · · , 4

(3-1-2)

�min g(W ) > max f(X )§Aæ�é	\ó�Y¶

�min g(W ) = max f(X )§ü«�YÑ��`¶Ø�UÑ

ymin g(W ) < max f(X )��/"

þ¡�ü�5yp�£é¡�¤éó�55y"
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ùü«�55y��`)©O�X ∗ = (4, 2)T!W ∗ =

(12, 1, 0, 0)T"ù�f(X ∗) = g(W ∗) = 14"

f(X ∗) = 14Z�´3Ø�L��Uå�^�e§ó�Sü

)�I!IIü«�¬¤U¼����|d"g(W ∗) = 14Z�

K´ó�ò��^5é	\ó�¤¼���$|d"u´§

�é	\ó�|d�±��C§D Øº�§A�|d�uz

��0.5Z�§B�|d�uz��1Z��§Ò�±�Éé	

\ó§ÄKw�)��¬I!II"ù
wi�Ò��ué1i«]

3¢y��|d���«d��O§ù«�O´�éè�

�¬�3��«AÏd�§¡�Kfd�"
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Kfd��±©ÛO\@«]U�è��5��|d¶

�N]�á"§Ý�"

3.1.2 ééé¡¡¡///ªªª

½Â 3.2 éu�55y

(P )

minC TX

s.t.

AX ≥ b

X ≥ 0

(3-1-3)
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�55y

(D)

max bTW

s.t.

ATW ≤ C

W ≥ 0

(3-1-4)

¡�(D)�éó�55y§(P )¡��5y"

½n 3.3 XJò�55y(D)w���5y§K�55

y(P )Ò´(D)�éó�55y"

y² w," y
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~ 3.4 �Ñ�55y

min f(X) = 8x1 + 6x2 + 3x3 + 6x4

s.t.

x1 + 2x2 + x4 ≥ 3

3x1 + x2 + x3 + x4 ≥ 6

x3 + x4 ≥ 2

xj ≥ 0, j = 1, · · · , 4.

�éó�55y"
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)

max g(W ) = 3w1 + 6w2 + 2w3

s.t.

w1 + 3w2 ≤ 8

2w1 + w2 ≤ 6

w2 + w3 ≤ 3

w1 + w2 + w3 ≤ 6

wj ≥ 0, j = 1, · · · , 3.
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3.1.3 ���ééé¡¡¡///ªªª

éu�55y

(P ′)

minC TX

s.t.

AX = b

X ≥ 0

(3-1-5)

Ï�AX = b�du

AX ≥ b,
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AX ≤ b.

�(P ′)�C�

minC TX

s.t.  A

−A

X ≥

 b

−b


X ≥ 0

(3-1-6)
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Ùéó�55y�

min

 b

−b


T W 1

W 2


s.t.  A

−A


T W 1

W 2

 ≤ C

W 1

W 2

 ≥ 0

(3-1-7)
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-W = W 1 −W 2§K(P ′)�éó�55yq��¤

(D′)

min bTW

s.t.

ATW ≤ C

(3-1-8)

~ 3.5 �Ñ�55y

min f(X) = 8x1 + 6x2 + 3x3 + 6x4

s.t.

x1 + 2x2 + x4 = 3
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3x1 + x2 + x3 + x4 = 6

xj ≥ 0, j = 1, · · · , 4.

�éó�55y"

)

max g(W ) = 3w1 + 6w2

s.t.

w1 + 3w2 ≤ 8

2w1 + w2 ≤ 6
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w2 ≤ 3

w1 + w2 ≤ 6

wj ∈ R, j = 1, 2.

y

3.1.4 ···ÜÜÜ///ªªª

éu·Ü/ª��55y§�UL3.2¤��5K?1C

�"
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L 3.2 C�5K

�5y£éó5y¤ éó5y£�5y¤

min max

8I¥Xê �å^�mà�

�å^�mà� 8I¥Xê

�å^� ≥ Cþ ≥
�å^� ≤ Cþ ≤
�å^� = CþÃ�å

Cþ ≥ �å^� ≤
Cþ ≤ �å^� ≥
CþÃ�å �å^� =
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~ 3.6 �Ñ�55y

min f(X) = 8x1 + 6x2 + 3x3 + 6x4

s.t.

x1 + 2x2 + x4 ≥ 3

3x1 + x2 + x3 + x4 ≤ 6

x3 + x4 = 2

xj ≥ 0, j = 1, 2;x3 ≤ 0, x4 ∈ R.

�éó�55y"
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)

max g(W ) = 3w1 + 6w2 + 2w3

s.t.

w1 + 3w2 ≤ 8

2w1 + w2 ≤ 6

w2 + w3 ≥ 3

w1 + w2 + w3 = 6

w1 ≥ 0, w2 ≤ 0, w3 ∈ R.

y
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§ 3.2 éééóóó½½½nnn

�!�Äé¡/ª�éó½n"�A�(Ø�±N´�í

2��é¡/ª�éó5y¯Kþ"

�RP = {X |AX ≥ b,X ≥ 0}´(P )��18¶RD =

{W |ATW ≤ C ,W ≥ 0}´(D)��18"

½n 3.7 ∀X ∈ RP§W ∈ RD§7k

C TX ≥ bTW .
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y²

C TX ≥ (ATW )TX = W T (AX ) ≥W Tb = bTW .

y

½n 3.8 �55y(P )�Ùéó�55y(D)Ñk�`)�

¿�^�´§�Ñk�1)"

y² 7�5µw,"

¿©5µdþ��½n�§é∀X ∈ RP ,W ∈ RD§

kC TX ≥ bTW"Ïd�8I¼ê(P )3RPþke.§

(P )´¦4�§�7k�`)"Ón(D)�k�`)"



1nÙ éó�55y
Zhangxiaowei@uestc.edu.cn 3.2. éó½n 185

y

íØ 3.9 XJX ∈ RP§W ∈ RD§�C TX = bTW§

KX§W©O´(P )�(D)��`)"

½n 3.10 e�55y(P )�Ùéó�55y(D)¥k��k

�`)§K,��7k�`)§��`���"

y² Ø��(P )k�`)"Ú\�{CþY§òz�IO/
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ª

min

[
C T 0 T

]X
Y


s.t. [

A −I
]X

Y

 = b

X ,Y ≥ 0

(3-2-9)

�X 0´þ¡IO�55y����`Ä�1)§B�éA
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��`Ä§Kd�`)�OOK�

C T
BB

−1[A − I ] ≤ [C T 0 T ].

-W 0 = (C T
BB

−1)T§K

(W 0)T [A − I ] ≤ [C T 0 T ].

=§W 0´(D)��1)"

q

bTW 0 = bT (C T
BB

−1)T = C T
BB

−1b = C T
BX

0
B = C TX 0.

�díØ�·K¤á" y
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lþ¡½n�y²L§w§eB´�55y(P )��`

Ä§@o(C T
BB

−1)TÒ´éó�55y(D)��`)"

éu�5y(P )Ú\�{Cþxn+l, l = 1, · · · ,m§¦�C¤

IO��55y(P ′)§,�éÙ?1üX/¦)§��Ü�

Oê���§���ªüX/L"��`Ä�B§KÚ\�

�{Cþ��Oê´

σn+l = C T
BB

−1Pn+l − cn+l, l = 1, 2, · · · ,m.

Ïxn+l´ Ú \ C þ § �cn+l = 0" Pn+l =
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[0, · · · , 0,−1[l], 0, · · · , 0]T"¤±

σn+l = C T
BB

−1Pn+l = −(C T
BB

−1)l = −(C T
BB

−1)Tl .

qdW 0 = (y01, · · · , y0l , · · · , y0m)T�

y0l = −(C T
BB

−1)Tl = −σn+l.

=éó5y(D)��`)�1l�©þÒ´�5y(P )��

ªüX/L¥�{Cþxn+l(l = 1 ∼ m)��Oêσn+l���

ê"



1nÙ éó�55y
Zhangxiaowei@uestc.edu.cn 3.2. éó½n 190

~ 3.11 ¦�55y

max 2x1 + 3x2

s.t.

2x1 + 2x2 ≤ 12

x1 + 2x2 ≤ 8

4x1 ≤ 16

4x2 ≤ 12

xj ≥ 0, j = 1 ∼ 2.

�éó�55y��`)"
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) éó�55y�

min 12w1 + 8w2 + 16w3 + 12w4

s.t.

2w1 + w2 + 4w3 ≥ 2

2w1 + 2w2 + 4w4 ≥ 3

wj ≥ 0, j = 1 ∼ 4.

ò��55yz�IO.:

min−2x1 − 3x2
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s.t.

2x1 + 2x2 + x3 ≤ 12

x1 + 2x2 + +x4 ≤ 8

4x1 + x5 ≤ 16

4x2 + x6 ≤ 12

xj ≥ 0, j = 1 ∼ 6.

^üX/�{¦)§�����üX/L�Xe(L3.3)"Ï

d��55y��`)�X∗ = (4, 2)T§qÏ�σ3 =

−1/2§σ4 = −1§σ5 = 0§σ6 = 0§¤±éó�55y�
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L 3.3 üX/L

P1 P2 P3 P4 P5 P6 b

0 0 2 -4 0 1 4

1 0 1 -1 0 0 4

0 0 -4 4 1 0 0

0 1 -1/2 1 0 0 2

0 0 -1/2 -1 0 0 -14

�`)�W ∗ = (1/2, 1, 0, 0)T" y

5µéu�péó��55y§§��)�mkn«'

Xµ

£1¤ü�5yÑk�`)£�1)¤¶

£2¤ü�5yÑÃ�`)£Ã�1)¤¶

£3¤��Ã�1)§,��k�1)§�8I¼ê3�
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18þÃ."

½n 3.12 (ééé¡¡¡///ªªª���tttµµµ½½½nnn) eX�W© O

´(P )�(D)��1)§KX�W©O´(P )�(D)��`

)�¿�^�´

(ATW −C )TX = 0

W T (AX − b) = 0
(3-2-10)

y² ¿©5µd^�3-2-10´�C TX = bTW"

7�5µÏ�X§W´�1)§¤±

W TAX ≥W Tb = bTW ,
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W TAX = X TATW ≤ X TC = C TX .

¤±

C TX = bTW .

Ïd

W TAX = C TX ,

X TATW = bTW .

y

eAiL«Ý
A�1§P jL«�"d

(ATW −C )TX = (W TA−C T )X = 0
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��

(W TP j − cj)xj = 0, j = 1, · · · , n.

Ïd xj = 0, if W TP j − cj < 0

W TP j − cj = 0, if xj > 0

(3-2-11)

Ónk yi = 0, if AiX − bi > 0

AiX − bi = 0, if yi > 0

(3-2-12)

Ïd½n3.12�du
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½n 3.13 (ééé¡¡¡///ªªª���tttµµµ½½½nnn) eX�W© O

´(P )�(D)��1)§KX�W©O´(P )�(D)��`

)�¿�^�´ yi = 0, i = 1 ∼ m, if AiX − bi > 0

xj = 0, j = 1 ∼ n, if W TP j − cj < 0

(3-2-13)

eòÎÒ�åxj ≥ 0§yi ≥ 0À���å^�§@oéó�

55y�2(m+ n)�å�m�3Xeéó'X"

½Â 3.14 (éééóóó���ååå) AiX ≥ bi�yi ≥ 0¡��ééó�

å¶W TP j ≤ cj�xj ≥ 0�¡��ééó�å"
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½Â 3.15 (;;;!!!ttt���ååå) XJ�55y�z���`)Ñ

¦�,��å��Ò§Ò¡ù��å´;�¶ÄK¡�t

�"

½n 3.16 �(P )�(D)Ñk�1)§Kt�å�éó�å´

;�å"

½n 3.17 (���ééé¡¡¡///ªªª���tttµµµ½½½nnn) eX�W© O

´(P ′)�(D′)��1)§KX�W©O´(P ′)�(D′)��

`)�¿�^�´

(ATW −C )TX = 0. (3-2-14)
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~ 3.18 ®��55y

max f(X) = 3x1 + 4x2 + x3

s.t.

x1 + 2x2 + x3 ≤ 10

2x1 + 2x2 + x3 ≤ 16

xj ≥ 0, j = 1, 2, 3.

��`)´X∗ = (6, 2, 0)T§¦Ùéó5y��`)Y ∗"
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) éó5y�

min g(Y ) = 10y1 + 16y2

s.t.

y1 + 2y2 ≥ 3

2y1 + 2y2 ≥ 4

y1 + y2 ≥ 1

yj ≥ 0, j = 1, 2.

�éó5y��`)�Y ∗ = (y∗1, y
∗
2)
T§Ï�x∗1 = 6 >
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0§x∗2 = 2 > 0§dtµ½n� y∗1 + 2y∗2 = 3

2y∗1 + 2y∗2 = 4

⇒ y∗1 = y∗2 = 1.

¤±éó5y��`)�Y ∗ = (1, 1)T§�`��26. y
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§ 3.3 éééóóóüüüXXX///���{{{

3.3.1 ÄÄÄ���ggg���

éu�55y�k±e½n"

(P ′)

minC TX

s.t.

AX = b

X ≥ 0
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(D′)

max bTW

s.t.

ATW ≤ C

½n 3.19 �X´(P ′)�?�Ä�)§XéAuÄB§W =

(C T
BB

−1)T§ eX�W© O ´(P ′)�(D′)� � 1 ) §

KX�W©O´(P ′)�(D′)��`)"

y²W = (C T
BB

−1)T´��1)§¤±k

AT (C T
BB

−1)T ≤ C ⇒ C T
BB

−1A−C T ≤ 0.
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=Ä�1)X�¤k�Oêσj = C T
BB

−1P j − cj��§Ï

d�(P ′)��`)"

q

bTW = bT (C T
BB

−1)T = C T
BB

−1b = C T
BXB = C TX .

y.� y

5 X��Oêσj�Ü���W = (C T
BB

−1)T�(D′)��

1)�d"

½Â 3.20 (���KKK)))!!!���KKKÄÄÄ) �X´�5y(P ′)���Ä

�)§�X¤k��Oê��§K¡X�(P ′)����K
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)"X¤éA�Ä¡���KÄ"

�X 0´���K)§B´X 0éA��KÄ§Kσj =

C T
BB

−1P j− cj ≤ 0§ÏdW = (C T
BB

−1)T´(D′)��1)"

l�K)X 0Ñu§Ïée���K)X 1§3S�L§¥§

¦�X i ¥�K©þÅg~�§Ó��±W = (C T
BB

−1)Té

u(D′)��15£σj ≤ 0¤"�,��K)X k�©þ�Ü�

K�§X kÒ¤�(P ′)�Ä�1)"Ï�σj ≤ 0§¤±X kÒ´

��`)X ∗"ùÒ´üX/{�Ä�g�"

éóüX/�{�I�)ûe¡n�¯Kµ

£1¤(½Ð©�KÄ"
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£2¤�Ä$�µÏée���K)"

£3¤ª�OK"

�Ä$�L§Xeµ

�(P ′)kÐ©�K)X 0 = (b1, b2, · · · , bn)T�Ð©�K

ÄB = [P1,P2, · · · ,Pm] = I"



1nÙ éó�55y
Zhangxiaowei@uestc.edu.cn 3.3. éóüX/�{ 207

£1¤ïáÐ©éóüX/L¶

(A|b) =



1 a1,m+1 · · · a1l · · · a1n b1

. . . ... ... ... ... ... ...

1 ak,m+1 · · · akl · · · akn bk

. . . ... ... ... ... ... ...

1 am,m+1 · · · aml · · · amn bm

0 · · · 0 · · · 0 σm+1 · · · σl · · · σn f0


£2¤(½Ì�akl¶
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�bk < 0§±akl�Ì���Ä$�§Kk

b′k =
bk
akl

σ′j = σj −
akj
akl

σl, j = m+ 1, · · · , n
(3-3-15)

�
¦bk ≥ 0§�σj ≤ 0§aklA÷v

akl < 0

σl
akl

= min
{ σj
akj

∣∣∣akj < 0
} (3-3-16)
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£3¤�Ä$�µ

b′k =
bk
akl

b′i = bi −
bk
akl
ail, i = 1, · · · ,m; i 6= k

a′kj =
akj
akl

, j = 1, · · · , n

a′ij = aij −
akj
akl

ail, i = 1, · · · ,m; i 6= k; j = 1, · · · , n

(3-3-17)

5(1) üX/{¥dσl > 0(½?Ä�P l§23P l¥ÀJ

Ì�akl¶3éóüX/{¥§´kdbk < 0(½¤3�1

Ik§23ù�1¥ÀJÌ�akl"Ïd§üX/{´Uì�
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ÀJÌ�§éóüX/{´U1�"

5(2) Ï�

f1 = f0 −
σl
akl
bk (3-3-18)

¤±σl < 0�§

f1 − f0 > 0 (3-3-19)

=�55y(P ′)�K)�8I¼ê��5��§�Ò´Ùé

ó�55y(D′)3�1)W �8I¼ê�bTW = CT
BB

−1b�

5��"qÏ�Ä��êk�§¤±éóüX/{¬3k�

ÚSé�¯K��`)(e�`)�3)"

5(3) ebk < 0§�´akj ≥ 0§=Ã{ÀJÌ�§ù��
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55y(P ′)Ã�1)"

5(4) 3�`éóüXL¥§ebi = 0§K�55y(P ′)k

Ã¡õ)"

3.3.2 éééóóóüüüXXX///{{{

®�

A = [P1,P2, · · · ,Pn],

B = [P j1,P j2, · · · ,P jm] = I ,

b = (b1, b2, · · · , bm)T ,

C T = (c1, c2, · · · , cn),
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C T
B = (cj1, cj2, · · · , cjm),

σj = C T
BP j − cj ≤ 0.

~ 3.21 ^éóüX/{¦)e¡��55y

min f(X ) = x1 + 2x2

s.t.

x1 + 2x2 ≥ 4

x1 ≤ 5

3x1 + x2 ≥ 6

xj ≥ 0, j = 1 ∼ 2.
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���{{{ 3.1éóüX/�{
ÚÚÚ½½½ 1 �EéóÐ©üX/L[

P1 P2 · · · Pm b

σ1 σ2 · · · σn f0

]

ÚÚÚ½½½ 2 eb ≥ 0§K�c�K)Ò��`)§ÄK§�

k = min{i|bi < 0}.

ÚÚÚ½½½ 3 eakj ≥ 0, j = 1 ∼ n§K�5y(P ′)Ã�1)§ÄK=Ú

½5"

ÚÚÚ½½½ 4 ¦ σl
akl

= min1≤j≤n
{ σj
akj

∣∣akj < 0
}
"

ÚÚÚ½½½ 5 ±akl�Ì�Uìª£3-3-17¤ééóüX/L��Ä$��

�#éóüX/L§=Ú½2"
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) =z�e¡�IO.

min f(X ) = x1 + 2x2

s.t.

− x1 − 2x2 + x3 = −4

x1 + x4 = 5

− 3x1 − x2 + x5 = −6

xj ≥ 0, j = 1 ∼ 5.

w,X 0 = (0, 0,−4, 5,−6)T´���K)§lX 0ÑuÏé

e���K)"
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£1¤Ð©éóüX/Lµ

L 3.4 éóüX/L

P1 P2 P3 P4 P5 b

−1 -2 1 0 0 -4

1 0 0 1 0 5

-3 -1 0 0 1 -6

-1 -2 0 0 0 0

£2¤xj1 = x3 = −4§xj2 = x4 = 5§xj3 = x5 = 6§j =

min{j1, j3} = 3§k = 1"

£3¤θ = min
{−1
−1,

−2
−2
}

= 1§l = min{1, 2} = 1

£4¤±a11�Ì�éþL��Ä$�§�e��éóüX

/Lµ
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L 3.5 éóüX/L

P1 P2 P3 P4 P5 b

1 2 -1 0 0 4

0 -2 1 1 0 1

0 5 -3 0 1 6

0 0 -1 0 0 4

ù�b > 0§¤±�c�K)X ∗ = (4, 0, 0, 1, 6)T´�`

)§Ïd�5y��`)�X 1 = (4, 0)T" y

§ 3.4 éééóóó���555555yyy���AAA^̂̂

3.4.1 éééóóóüüüXXX///{{{���AAA^̂̂

Ïé�K)Ø´@oN´§Ïd3¢SO�¥~^�üX
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/{§�´§éue¡�A«�¹§éóüX/{¦)'�

�B"

£1¤XJ�55yäke¡�/ª

minC TX

s.t.

AX ≥ b

X ≥ 0

(3-4-20)

Ù¥C ≥ 0"
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Ú\�{CþY§�5yC�

minC TX

s.t.

−AX + Y = −b

X ≥ 0, Y ≥ 0

(3-4-21)

�Y¤3���ÄB = (I )§duC ≥ 0§C T
B = 0§¤

±C T
BB

−1A−C T = −C T ≤ 0"u´

Y = −b (3-4-22)

Ò´���K)"
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£2¤XJI�O�e¡ü��55y

(P 1)

minC TX

s.t.

AX = b1

X ≥ 0

(P 2)

minC TX

s.t.

AX = b2

X ≥ 0



1nÙ éó�55y
Zhangxiaowei@uestc.edu.cn 3.4. éó�55y�A^ 220

ù�æ^üX/{¦�(P 1)��`ÄB§u´C T
BB

−1A −

C T ≤ 0 § Ï dB´(P 2)� � K Ä § Ù � A � Ä �

)X 0´(P 2)��K)"

d{éõ�äk�Ó/ª��55yÓ�·^"

£3¤XJ®¦��55y

minC TX

s.t.

AX = b

X ≥ 0

(3-4-23)
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��`ÄB = (P j1,P j2, · · · ,P jm)§�e5I�¦�55y

minC TX

s.t.

AX = b

aTX ≤ d (��#\�å)

X ≥ 0

(3-4-24)

Ù¥aT = (a1, a2, · · · , an)§d´~ê"
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ù�

B ′ =

 P j1 P j2 · · · P jm 0

aj1 aj2 · · · ajm 1

 (3-4-25)

Ò´Ù�KÄ§Ù�A�Ä�)Ò´�K)"

ù´Ï�e¡���"



1nÙ éó�55y
Zhangxiaowei@uestc.edu.cn 3.4. éó�55y�A^ 223

�B = [bij]m×m§K

|B ′| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b11 · · · b1m 0

· · ·

bm1 · · · bmm 0

aj1 · · · ajm 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= |B | 6= 0.

u´B ′����55y(3-4-25)���Ä£IV\��t

µCþ¤"
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qP�55y(3-4-25)��åÝ
� A 0

aT 1

 .
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u´

σ′ = (C T
B , 0)B ′−1

 A 0

aT 1

− (C T , 0)

= (C T
B , 0)

 B−1 0

−aTBB
−1 1


 A 0

aT 1

− (C T , 0)

= (C T
B , 0)

 B−1A 0

−aTBB
−1A + aT 1

− (C T , 0)

= (C T
BB

−1A, 0)− (C T , 0)

= (C T
BB

−1A−C T , 0)

≤ 0.
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3.4.2 KKKfffddd���

UY�Ä¯K(~3.1):

(1)Kfd�´é]3¢y|d��z���«d��

O§ù«�O´�éäNè��¬�3��«AÏd�¶

(2)Kfd�¬�Xè�)�?Ö!�¬(��Ï��Cz

UC¶

(3)e,«]�½|d�puKfd��§è�ATñÑ

ù«]§ÄKATï?"¤±Kfd�´�«Å¬¤�¶
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(4)Ï�

∂(bTW ∗)

∂bi
= y∗i , i = 1 ∼ m, (3-4-26)

¤±y∗i�±w�bizO\��ü �8I¼ê�Oþ"ÏdK

fd�´�«>Sd�(3]���`|^��¹e§O\

zü ]¤U¼��¬�d�)¶

(5)dtµ½n�§e,«]���¿©|^§KT«]

�Kfd��"§e,«]�Kfd��"§KT«]

3)�¥®²�Ñ�.¶
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(6)Ï�

σj = CT
B∗(B

∗)−1Pj − cj

= (W ∗)TPj − cj

=
m∑
i=1

aijy
∗
i − cj, j = 1 ∼ n.

(3-4-27)

ùp§cjL«1j«�¬�|d(��)§
∑m

i=1 aijy
∗
iL«)��

�ü �1j«�¬¤�Ñ��«]�Kfd�oÚ(Û¹

¤�)"¤±�¬|d�uÛ¹¤��§L²)�T«�¬k

|§ÄK)�Ù¦�¬"
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3¢S¯K�êÆ�.¥§éõ´Ã�å4�¯K§Ù

¦)  �8(��E/¦)�X�Ã�å^�eüCþ¼

ê��`¯K"Ïd§Ã�å^�eüCþ¼ê�`z¯K

´)��5`z¯K�Ä:"
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§ 4.1 eeeüüüSSS������{{{

4.1.1 ÄÄÄ���ggg���

�Ä¯Kµ

min
X∈R

f(X ). (4-1-1)

(1)Äk(½8I¼êf(X )�4�:���Ð©�O

:X k§k = 0"

(2),�Uì�½5K�)��eü��Pk"

(3)2÷��Pk¦�e��S�:X k+1§=3��

X k + tPk, t > 0.
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þ(½��#:X k+1 = X k+tkP
k§¦�f(X k+1) < f(Xk)§

Ù¥tk¡�Ú�Ïf"

(4)e÷vÊÅ^�KÑÑX k§ÄKk = k + 1§=(1)"

5µ

(i)Uìþ¡�5K§��¬�)��S�S�§edS�

�4�´ª(4-1-1)�4�:X ∗§=

lim
k→∞

X k = X ∗, or lim
k→∞
‖X k −X ∗‖ = 0. (4-1-2)

K¡�{Âñ�X ∗"

(ii)XJzS��ÚÑ¦�8I¼ê�eü§K¡�eü
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�{"

(iii)3S�¥§�´�ÀJeü��Pk§�´�O��`

Ú�Ïftk"

eü�{����ªµ

���{{{ 4.1eü�{

ÚÚÚ½½½ 1 ÀJÐ©:X 0§�k = 0"

ÚÚÚ½½½ 2 U,«5K(½Pk§¦�∇f(X k)TPk < 0"

ÚÚÚ½½½ 3 U,«5K(½tk§¦�f(X k + tkPk) < f(X k)"

ÚÚÚ½½½ 4 O�X k+1 = X k + tkP
k"

ÚÚÚ ½½½ 5 � ½X k+1´ Ä ÷ v ª � O K § e ÷ v K Ñ

ÑX k+1§f(X k+1)§ÊÅ¶ÄK�k = k + 1§=Ú½2"
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4.1.2 ������|||¢¢¢

XÛ¦)Ú�Ïftkº=À�¦�

f(X + tkP
k) = min

t
f(X k + tPk) (4-1-3)

ù�§tk¡��`Ú�"

¦��¼ê

ϕ(t) = f(X k + tPk) (4-1-4)

4�:�S�{¡���|¢½��|¢"

��|¢�`:µ

£1¤3eü��eü�õ¶
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£2¤��¼ê4��¦{�éN´"

":µO�þ�"

½n 4.1 �f(X )äkëY� �ê§�½|¢��Pk§

Kϕ′(t) = ∇f(X k + tPk)TPk"

y² w," y

½n 4.2 �f(X )ä k ë Y �   � ê § �f(X k+1) =

mint f(X k + tPk)§K∇f(X k+1)TPk = 0"

y² w," y
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4.1.3 ÂÂÂñññ���ÝÝÝ

½Â 4.3 (ÂÂÂñññ���) �S�{X k}Âñu)X ∗§e�3~

êp ≥ 0§L§k0§¦��kl,�k0m©eª¤áµ

‖X k+1 −X ∗‖ ≤ L‖X k −X ∗‖p (4-1-5)

K¡{X k}�p�Âñ"

½Â 4.4 (���555ÂÂÂñññ) �S�{X k}Âñu)X ∗§e�3~

êk0§L§θ ∈ (0, 1)§¦��kl,�k0m©eª¤áµ

‖X k+1 −X ∗‖ ≤ Lθk (4-1-6)
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K¡{X k}��5Âñ"

½Â 4.5 (������555ÂÂÂñññ) �S�{X k}Âñu)X ∗§e?

�β > 0§Ñ�3k0 > 0§¦��kl,�k0m©eª¤áµ

‖X k+1 −X ∗‖ ≤ β‖X k −X ∗‖ (4-1-7)

K¡{X k}���5Âñ"

½Â 4.6 (ÂÂÂñññ���ÝÝÝ) �S�{X k}Âñu)X ∗§e

lim
k→∞

‖X k+1 −X ∗‖
‖X k −X ∗‖

= β. (4-1-8)

K0 < β < 1�§¡{X k}�β�5Âñ¶β = 0�§¡{X k}�
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��5Âñ¶β = 1�§¡{X k}�g�5Âñ¶

qe

lim
k→∞

‖X k+1 −X ∗‖
‖X k −X ∗‖p

= β < +∞. (4-1-9)

K¡{X k}�p�Âñ§ùpp ≥ 1"

5(1) p�Âñ§Ké∀q < p§7kq�Âñ¶

5(2) �5�g�5ÂñÑ´��Âñ§��Ø,¶

5(3) p > 1§p�Âñ7���5Âñ¶

5(4) ��5ÂñØ�½p > 1�Âñ"

~ 4.7 (1)Xk = a2
k
§ùp0 < a < 1§���Âñ¶

(2)Xk = k−2�1�Âñ§�Ø´�5Âñ"
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½Â 4.8 (���gggÂÂÂñññ) ���{^u¦)äk�½Ý
��

g¼ê

f(X ) =
1

2
X TAX + bTX + c

�§3k�ÚS�±��§�4�:"

4.1.4 ªªª���OOOKKK

é°Ýε§k

‖X k+1 −X k‖ < ε, or
‖X k+1 −X k‖
‖X k‖

< ε. (4-1-10)

‖f k+1 − f k‖ < ε, or
‖f k+1 − f k‖
‖f k‖

< ε. (4-1-11)
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‖∇f(X k)‖ < ε. (4-1-12)

§ 4.2 °°°(((������|||¢¢¢

4.2.1 ���777©©©���{{{£££0.618{{{¤¤¤

�7©�{·^u?Ûü¸�¼êϕ(t)¦4�:�¯K§

$�é¼ê�±Ø�¦ëY"

4.2.1.1 üüü¸̧̧¼¼¼êêê

½Â 4.9 �ϕ : [a, b] ⊂ R → R§t∗´3[a, b]þ��Û4�
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:§XJéu[a, b]þ�?¿ü:t1, t2§�t1 < t2Ñk ϕ(t1) > ϕ(t2), if t2 ≤ t∗

ϕ(t1) < ϕ(t2), if t1 ≥ t∗

@o¡ϕ(t)´«m[a, b]þ�ü¸¼ê"et1 < t∗ < t2§

¡[t1, t2]�|¢«m"

5� 4.10 �[a, b]´ü¸¼êϕ(t)4�:���|¢«

m§3[a, b]þ?�ü:t1, t2�t1 < t2"eϕ(t1) < ϕ(t2)§

K[a, t2]´ϕ(t)4�:���|¢«m¶eϕ(t1) > ϕ(t2)§

K[t1, b]´ϕ(t)4�:���|¢«m"
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4.2.1.2 ÄÄÄ���ggg���

3|¢«m[a, b]S·��\ü:t1, t2§ò[a, b]©¤nã§

ÏL'�ùü:�¼ê�§,�dü¸¼ê�5�§Ò�±

í���à½ö�mà��ã§ù��gS�",�33e

5�«mþ2�\�:§Ò�±EþãL§§Xde�§

�ò«mÃ� �"

¯K´µzgS�¥XÛ�\t1, t2� �§âU¦�3¼

ê�O�Ó�õ�^�e§«m á��¯ºe¡=�{ü

�*©Û"
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a b

1

t1 t2

α

αβ

t3
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�«m���1§Xeã§3�a�å©O�αÚβ�:�

\t1, t2§�(½αÚβ§5½µ

£1¤�¦�\�ü:3|¢«m¥´é¡�"ÏdÃØ

íØ=�à§3e�o´��β�«m"u´α + β = 1"

£2¤�y
zgS�Ñ±Ó���'Ç á«m"Ø�

��K[t2, b]§33e�«m[a, t2]p3�\#���:t3§¦

�t3, t13[a, t2]¥� ��t1, t1 3[a, b]� �k�Ó�'~"

ù�Òk

at1
at2

=
at2

ab
,
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=β2 = α"ÏdÒk

β =

√
5− 1

2
≈ 0.618

α =
3−
√

5

2
≈ 0.382

(4-2-13)

u´k
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t2 = a+ at2

= a+ ab
at1
at2

= a+ (b− a)
α

β

= a+ β(b− a),

(4-2-14)
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t1 = a+ at1

= a+ (t2b)

= a+ [b− a− β(b− a)]

= a+ (1− β)(b− a)

= a+ α(b− a).

(4-2-15)

4.2.1.3 ���{{{©©©ÛÛÛ

[an+1, bn+1] ⊂ [an, bn] (4-2-16)
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bn − an = βn · (b− a)→ 0, n→∞. (4-2-17)

4.2.2 Fibonacci{{{

4.2.2.1 ÄÄÄ���ggg���

eØ�¦zgS�¦�«m�Â 'ØC§F"3Á�

:�ê�Ó�cJe§éÑ�«À�Á�:��ZüÑ§¦

��ª�«m�Ý��"

XJ5½Á�:��ê�n§�ª«m�Ý�1§@o¯K

Ò´XÛÀ�ùn�:§¦��©�«m�Ý��º
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���{{{ 4.2�7©��{
ÚÚÚ½½½ 1 (½ϕ(t)�Ð©|¢«m[a, b]"

ÚÚÚ½½½ 2 O�t2 = a+ β(b− a)§ϕ2 = ϕ(t2)"

ÚÚÚ½½½ 3 O�t1 = a+ α(b− a)§ϕ1 = ϕ(t1)§"

ÚÚÚ½½½ 4 et1 − t2 ≤ ε§ÊÅ¶ÄK§=Ú½5"

ÚÚÚ½½½ 5 eϕ(t1) ≤ ϕ(t2)§K

b = t2, t2 = t1, ϕ(t2) = ϕ(t1), t1 = a+ α(b− a), ϕ1 = ϕ(t1);

ÄK§

a = t1, t1 = t2, ϕ(t1) = ϕ(t2), t2 = a+ β(b− a), ϕ2 = ϕ(t2).

,�=Ú½4"
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�LnL«Á�:�ê�n§�ª«m�Ý�1��©«

m[a, b]����Ý"

4.2.2.2 ���{{{LLL§§§

-a < x1 < x2 < b§K

Ln ≤ Ln−2 + Ln−1. (4-2-18)

w,§L0 = L1 = 1"

Ïd

Ln = Ln−2 + Ln−1, (4-2-19)
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L0 = L1 = 1. (4-2-20)

Ï��©�§Ln = Ln−2 + Ln−1�Ï)kXe/ªµ

Ln = Arn1 +Brn2 . (4-2-21)

¤±

Ln =
1√
5

((1 +
√

5

2

)n+1

−
(1−

√
5

2

)n+1
)
. (4-2-22)

Ï�

Ln−2
Ln

+
Ln−1
Ln

= 1, (4-2-23)
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¤±XeÀJn�Á�:§

x1 = a+
Ln−2
Ln

(b− a), (4-2-24)

x2 = a+
Ln−1
Ln

(b− a). (4-2-25)

�YL§Ó�7©�{"

4.2.2.3 ���{{{©©©ÛÛÛ

dªf(4-2-22)´�§

lim
n→∞

Ln−1
Ln

=

√
5− 1

2
≈ 0.618. (4-2-26)
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4.2.3 ���ggg������{{{£££���ÔÔÔ���������{{{¤¤¤

4.2.3.1 ÄÄÄ���ggg���

|^ϕ(t)3,
:�&E��E����õ�ªP (t)§

^P (t)�[Üϕ(t)§,�¦ÑP (t)�4�:µ§±µ��t∗��

O�"Ï~�P (t)��g½ngõ�ª§=�g½ng��

{"
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1 2 3 4 5 6 7 8 9 10

1

2

3

4

5

0 x

ϕ ϕ(x)

t1 t2 t3

A

B
C

ϕ1(x)
ϕ∗

1

µ1

D

ϕ2(x)

ϕ∗
2

µ2

E

ϕ3(x)

ϕ∗
3
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4.2.3.2 nnn:::���ggg������{{{

�¼ê3n:t1, t2, t3�¼ê��ϕ1, ϕ2, ϕ3£t1 < t2 <

t3¤§�
�y3(t1, t3)S�3¼êϕ(t)���4�:§3

À�Ð©:�§�¦£ü>p¥m$¤

ϕ(t1) > ϕ(t2), ϕ(t3) > ϕ(t2).

ÏL:(t1, ϕ1)§(t2, ϕ2)§(t3, ϕ3)��^�g��õ�ª

£�Ô�¤P (t)§¿�@�ù^�Ô�3«m(t1, t3)þCqu

�ϕ(t)"
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�Ln:��Ô��

P (ti) = a0 + a1ti + a2t
2
i = ϕi, a2 6= 0, i = 1, 2, 3.

l��

P (t) = ϕ1
(t− t2)(t− t3)

(t1 − t2)(t1 − t3)
+ ϕ2

(t− t1)(t− t3)
(t2 − t1)(t2 − t3)

+ ϕ3
(t− t1)(t− t2)

(t3 − t1)(t3 − t2)
.

(4-2-27)

-P ′(t) = 0§�

µ =
ϕ1(t

2
2 − t23) + ϕ2(t

2
3 − t21) + ϕ3(t

2
1 − t22)

2
(
(t2 − t3)ϕ1 + (t3 − t1)ϕ2 + (t1 − t2)ϕ3

). (4-2-28)

:µÒ´ϕ(t)�4�:��gCq",�23o�:¥éÑ
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���÷vü>p¥m$�n:",�éXn:��g�Ô

�§Xd�E"

Ù§/ª XJ���:t1�¼ê�ϕ(t1)Ú�ê�ϕ
′(t1) <

0±9,�:t2�¼ê�ϕ(t2)§��gõ�ªP (t)§¦�e¡

^�¤á

P (t1) = ϕ(t1), P ′(t1) = ϕ′(t1), P (t2) = ϕ(t2).

�
�y�g��p(t)k4�:§�¦

ϕ(t2) > ϕ1 + ϕ′(t1)(t2 − t1).
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�

P (t) =
ϕ2 − ϕ1 − ϕ′1(t2 − t1)

(t2 − t1)2
(t−t1)2+ϕ′1(t−t1)+ϕ1 (4-2-29)

-P ′(t) = 0§�

µ = t1 −
ϕ′1(t2 − t1)2

2[ϕ2 − ϕ1 − ϕ′1(t2 − t1)]
(4-2-30)

4.2.4 üüü:::nnnggg������{{{

4.2.4.1 ÄÄÄ���ggg���

�P (t)�ngõ�ª5[Üϕ(t)§,�^Ù4�:�

�ϕ(t)4�:�Cq�"



1oÙ Ã�å�`zO��{
Zhangxiaowei@uestc.edu.cn 4.2. °(��|¢ 258

4.2.4.2 nnngggõõõ���ªªª

�ü:t1, t2§�
�yϕ(t)3|¢«m(t1, t2)Sk4�:§

b½ϕ′1 < 0 < ϕ′2"

�

P (t) = A(t− t1)3 +B(t− t1)2 + C(t− t1) +D.

dP (ti) = ϕ(ti)§P
′(ti) = ϕ′(ti)§i = 1, 2§�

µ = t1 + (t2 − t1)
(

1− ϕ′2 + ω + κ

ϕ′2 − ϕ′1 + 2ω

)
. (4-2-31)
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Ù¥

κ =
2(ϕ2 − ϕ1)

t2 − t1
− ϕ′1 − ϕ′2,

ω = sign(t2 − t1)
√
κ2 − ϕ′1ϕ′2.

§ 4.3 ���°°°(((������|||¢¢¢

°(��|¢  I�s¤�þO�þ§�����{Ø

´�©k�",	§3éõ�{XÚî�{Ú[Úî�{§

ÙÂñ�Ý�¿Ø�6u°(��|¢"Ïd§,�«CÏ

��{´3zg��|¢L§¥§�y8I¼êÑk÷¿�

eüÒ

§ùÒ´¤¢�Ø°(��|¢"
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���{{{ 4.3ü:ng���{
ÚÚÚ½½½ 1 �Ð©Ú�α9°Ýε"

ÚÚÚ½½½ 2 t1 = 0§e|ϕ′1| ≤ ε§KÊ�O�"

ÚÚÚ½½½ 3 eϕ′1 > 0§Kα = −|α|¶ÄKα = |α|"

ÚÚÚ½½½ 4 t2 = t1 + α§e|ϕ′2| ≤ ε§KÊ�O�"

ÚÚÚ½½½ 5 eϕ′1ϕ
′
2 > 0§Kα = 2α§t1 = t2§ϕ′1 = ϕ′2§,�=Ú½4"

ÚÚÚ½½½ 6 O�κ§ω§µ"

ÚÚÚ½½½ 7 eϕ′ < ε§KÊ�O�§�<t∗ = µ¶ÄKα = α
10§t1 =

µ§ϕ1 = ϕ§ϕ′1 = ϕ′§,�=Ú½3 "
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4.3.1 GoldsteinOOOKKK

 (i) f(Xk + αkPk) ≤ f(Xk) + ραk∇f(Xk)
TPk;

(ii) f(Xk + αkPk) ≥ f(Xk) + (1− ρ)αk∇f(Xk)
TPk.

(4-3-32)

ùp§0 < ρ < 1
2"

GoldsteinOK��*¿Â´µ;�α�3«m�ü�à

:NC§Ï��3üà:NCÑ¬��8I¼ê�U?þ

Ø�"ePϕ(α) = f(Xk + αPk)§@oGoldsteinOK�U�



1oÙ Ã�å�`zO��{
Zhangxiaowei@uestc.edu.cn 4.3. �°(��|¢ 262

�µ  ϕ(αk) ≤ ϕ(0) + ραkϕ
′(0);

ϕ(αk) ≥ ϕ(0) + (1− ρ)αkϕ
′(0).

(4-3-33)

5¿�ϕ′(0) < 0§Ïd�ρ > 1
2�§þ¡ü�Ø�ªp�g

ñ"dd��§ρ < 1
2 ��¦´g,�"ρ���½§ã¥ü

^��ÒÓ��½§��É«m���(½§�ρ��C

u0§��É«m��§ρ�ªCu1
2§K��É«m��"
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4.3.2 WolfeOOOKKK

GoldsteinOKk�ÿ¬ò�ZÚ�Ïfü½3��É«m

�	"�d§Wolfe�Ñ
��{ü�O�OKµ
(i) f(Xk + αkPk) ≤ f(Xk) + ραk∇f(Xk)

TPk;

(ii) ∇f(Xk + αkPk)
TPk ≥ σ∇f(Xk)

TPk,

½=ϕ′(αk) ≥ σϕ′(0).

(4-3-34)

5µ(1) OK(ii)�AÛ)ºµ3��É:?����Ç�

u½�uÐ©�Ç�σ�"duσ ∈ (ρ, 1)§Ï�Â:?��

��²"
¶
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(2) �±y²µ�ρ < σ < 1�§÷vWolfeOK���É

Ú�Ïf´�3�¶

(3) l,��*:w§

∇f(Xk + αkPk)
TPk ≥ σ∇f(Xk)

TPk (4-3-35)

´°(��|¢÷v���^�∇f(Xk+1)
TPk = 0�,«C

q"

�ù«Cq§=¦σ → 0§�ØU��°(��|¢"e

òWolfeOK¥1(ii)ª��∣∣∣∇f(Xk + αkPk)
TPk

∣∣∣ ≤ −σ∇f(Xk)
TPk, (4-3-36)
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K�σ → 0�§�C°(|¢OK"�σ����§��C

°(|¢§ó�þ���"AT�Ñ�´Ø°(|¢§Ø�

¦L��σ§A^þÏ~�ρ = 0.1§σ ∈ [0.6, 0.8]"

4.3.3 ArmijoOOOýýý

�½β ∈ (0, 1)§ρ ∈ (0, 12)§τ > 0§�mk´¦�eãØ�

ª

f(Xk + βmkτPk) ≤ f(Xk) + ρβmkτgk
TPk (4-3-37)

¤á����K�ê"
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e-αk = βmkτ§ÙÒ´GoldsteinOK¥�1��OK

f(Xk + αPk) ≤ f(Xk) + ραgk
TPk, (4-3-38)

=ϕ(αk) ≤ ϕ(0) + ραkϕ
′(0)"
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t

ϕ

(0, ϕ(0))

ϕ(t)

ϕ1(t)

ϕ2(t)

GoldsteinGoldsteinGoldstein

σgTP
WolfeWolfe

ArmijoArmijo
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4.3.4 ÂÂÂñññ555½½½nnn

�
�y�{�eü5§�¦zg|¢��Pk�ÙFÝ

��−gk = −∇f(Xk)¤b�"¿��¦ÙY�θk÷vµθk ≤
π
2 − µ§∀k (µ > 0) "

æ^Ø°(��|¢���eü�{£�ª�{¤

���{{{ 4.4�ª�{
ÚÚÚ½½½ 1 �ÑÐ©:X0 ∈ Rn§#NØ�0 ≤ ε < 1§�k := 0¶

ÚÚÚ½½½ 2 e‖∇f(Xk)‖ ≤ ε§�{Ê�§Xk ≈ X∗¶ÄK¦Ñ÷

v∇f(Xk)
T
Pk < 0�eü��Pk¶

ÚÚÚ½½½ 3 ¦ÑÚ�Ïfαk§¦Ù÷vGoldsteinOK½WolfeOK¶

ÚÚÚ½½½ 4 -Xk+1 = Xk + αkPk§k := k + 1§=Ú½(2)"
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e¡�ÑÄuù
Ø°(��|¢���eü�{�oN

Âñ5½n"

½n 4.11 eþã�{¥§Ú�Ïfαk÷vGoldsteinOK

½WolfeOK§�é∀k §k

θk ≤
π

2
− µ, (4-3-39)

e∇f(X)3Y²8L = {X|f(X) < f(X0)}þ��ëY"@

o§½öé,�k§k∇f(Xk) = 0§½öf(Xk) → −∞§½

ö∇f(Xk)→ 0"

½n 4.12 �¼êf(X)ëY��§∇f(X)÷vLipschitz^
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�µ

‖∇f(X)−∇f(Y )‖ ≤M ‖X − Y ‖ . (4-3-40)

q��{æ^WolfeOK§�Pk�(−∇f(Xk))�Y�θk÷v

θk ≤
π

2
− µ, (0 < µ <

π

2
) (4-3-41)

@od�{�)�:�{Xk}§½öé,�k§k∇f(Xk) =

0§½öf(Xk)→ −∞§½ö∇f(Xk)→ 0"

e¡½n�ÑØ°(��|¢^�e§zÚS�8I¼ê

eüþ��Oª"

½n 4.13 �αk÷vØ°(��|¢OK¥1�^§e¼ê
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�÷vµ

m‖Y ‖2 ≤ Y T∇2f(X)Y ≤M‖Y ‖2, (4-3-42)

(Y − Z)T (∇f(Y )−∇f(Z)) ≥ η‖Y − Z‖2. (4-3-43)

K7k

f(Xk)− f(Xk + αkPk) ≥
ρη

1 +
√
M/m

‖αkPk‖2. (4-3-44)
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§ 4.4 ������eeeüüü{{{

4.4.1 ÄÄÄ���ggg���

¦)

min
X∈Rn

f(X ) (4-4-45)

b�þª¥8I¼êäk��ëY �ê"�äk4

�:X ∗§l1k�S�:X kÑu§÷��eü��Pk =

−∇f(X k)|¢§=3��þX = X k + tPk���|¢§(
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½�`Ú�tk§¦�

f(X k + tk∇f(X k)) = min
t
f(X k + t∇f(X k)). (4-4-46)

-

X k+1 = X k − tk∇f(X k). (4-4-47)

Ïd��S�{X k}§�÷v�½^��§TS�Âñ

uf(X )�4�:X ∗"±þª�S�úª��{���eü

�{"
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���{{{ 4.5��eü�{

ÚÚÚ½½½ 1 ÀJÐ©:X 0§O�f0§g0§�k = 0"

ÚÚÚ½½½ 2 ��|¢tk = argmin f(X k − tg(X k))§X k+1 = X k −
tk∇f(X k)§O�fk+1§gk+1"

ÚÚÚ½½½ 3 e‖gk+1‖ ≤ ε§KÊÅ§¿ÑÑX k+1§fk+1¶ÄKk =

k + 1§=Ú½2"

4.4.2 ������eeeüüü{{{

4.4.3 ÂÂÂñññ555

½n 4.14 �

£1¤f(X ) ∈ C1¶
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£2¤Y²8C 0 = {X |f(X ) ≤ f(X 0)}k.§

K��eü{½ö3k�ÚS��Ê�£dª�^���

7:¤¶½ö��:�{X k}§§�?Û4�:Ñ´f(X )�

7:"

y² b�g ∗ 6= 0§�f�

X ki → X ∗, X ki+1 → X ∗∗, i→∞.

d � { � §{f(X k)}ü N ~ � §X k ∈ C 0(k =

0, 1, 2, · · · )"
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¤±

f(X ki+1) ≤ f(X ki+1) ≤ f(X ki). (4-4-48)

Ï

f(X ∗) = f(X ∗∗). (4-4-49)
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�g ∗ 6= 0§��3t∗ > 0£¿©�¤§k

f(X ∗ − tg ∗) = f(X ∗)− t∇f(X ∗)Tg∗ + o(t‖g∗‖)

= f(X ∗)− t(g∗)Tg∗ + o(t‖g∗‖)

= f(X ∗)− t‖g ∗‖2 + o(t‖g∗‖)

=⇒

f(X ∗ − t∗g∗)− f(X ∗) < 0

(4-4-50)

qÏ�

f(X ki+1) = min f(X ki − tkigki) ≤ f(X ki − t∗gki). (4-4-51)
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¤±

f(X ∗∗) ≤ f(X ∗ − t∗g∗) < f(X ∗). (4-4-52)

gñ� y

4.4.4 ���`̀̀ÚÚÚ���

ef(X )äk��ëY �ê§dTaylorúª�

f [X k − t∇f(X k)] ≈ f(X k)− t∇f(X k)T∇f(X k)

+
1

2
t2∇f(X k)TH (X k)∇f(X k).

(4-4-53)

Ù¥H (X k)´f(X )3:X k�HesseÝ
"
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-

df [X k − t∇f(X k)]

dt
= −∇f(X k)T∇f(X k)

+ t∇f(X k)TH (X k)∇f(X k) = 0.

(4-4-54)

���`Ú�

tk =
∇f(X k)T∇f(X k)

∇f(X k)TH (X k)∇f(X k)
=

(gk)Tgk

(gk)TH kgk
(4-4-55)

dd��1k + 1Ú�S�:�µ

X k+1 = X k − (gk)Tgk

(gk)TH kgk
gk. (4-4-56)
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Ï�ϕ′(t) = ∇f(X + tP)TP§¤±-Ù�"§�

(gk+1)Tgk = 0. (4-4-57)

¤±��eü{��ügS����p�R�§ùÒK�


§�Âñ�Ý§|¢¥ç¸Gc?"Ïdm©|¢�§8

I¼êeü¯§��C4�:�§¥ç¸G|¢§8I¼ê

Cz�ú"

~ 4.15 ^��eü{¦)f(X ) = (x1− 1)2 + (x2− 1)2�4

�:"®�ε"

) gk = ∇f(X ) = [2(x1 − 1), 2(x2 − 1)]T
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H k =

[
2 0

0 2

]
X 0 = (0, 0)T

t0 = (g0)Tg0

(g0)TH 0g0 = 1
2

X 1 = X 0 − t0g0 = (0, 0)T − 1
2(−2,−2)T = (1, 1)T

∇f(X 1) = (0, 0)T§‖∇f(X 1)‖ < ε

X ∗ = X 1. y
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§ 4.5 ÚÚÚîîî{{{

4.5.1 ÄÄÄ���ggg���

Úî{´^���g¼ê�Cq��8I¼ê§,�°

(/¦Ñù��g¼ê�4�:§±§��8I¼ê4�

:X ∗�Cq�"�®²S��X k§3:X k?é8I¼ê

UTaylorúªÐm§=

f(X ) ≈ Q(X ) = f(X k) + g(X k)T (X −X k)

+
1

2
(X −X k)TH (X k)(X −X k).

(4-5-58)

Ù ¥Q(X )´X� � g ¼ ê §g(X k)ÚH (X k)© O
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�f(X )3x k:�FÝÚHesseÝ
"

-∇Q(X ) = H (X k)(X −X k) + g(X k) = 0§�

H (X k)(X −X k) = −g(X k). (4-5-59)

eHesseÝ
�½§K

H −1(X k)(X −X k) = −g(X k). (4-5-60)

Kdþª)Ñ�X = X k+1§Ò´�g¼êQ(X )�4�:"

=

X k+1 = X k −H −1(X k)g(X k). (4-5-61)
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^X k+1��f(X )�4�:X ∗#�#�Cq"ª£4-5-

61¤Ò´ÚîS�úª"

4.5.2 AAAÛÛÛ)))ººº

�H (X k)�½�§Q(X ) = f(X k)´���ý¥¡§3

���Q(X )m>¤L«�Ò´�p��f(X k)��xý

�§Q(X )�4�:X k+1Ò´ù�ý��¥%§±d¥%�

�f(X )4�:X ∗�#�Cq"

��f(X )�4�:X ∗�CqX k+1§,�q3X k+1:

éf(X )��gCq§^þ¡Ó���{q�±��f(X )�
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4�:X ∗ �#�CqX k+2"XdS�e�§ÒU��÷v

°Ý�¦�f(X )�4�:"

4.5.3 ÚÚÚîîî{{{

~ 4.16 ¦f(X ) = (x1 − 2)4 + (x1 − 2x2)
2�4�:"

) X 0 = (0, 3)T

g0 = (−44, 24)T

H 0 =

(
50 −4

−4 8

)
¦)H 0P0 = −g0§�P0 = (0.67,−2.67)T
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���{{{ 4.6Úî�{
ÚÚÚ½½½ 1 �½8I¼êf(X )±9FÝg(X )§HesseÝ
§°Ýε"

ÚÚÚ½½½ 2 À½Ð©:X 0§O�f0 = f(X 0)§g0 = g(X 0)§�k = 0"

ÚÚÚ½½½ 3 O�H k = H (X k)"

ÚÚÚ½½½ 4 d�§H kPk = −gk)ÑPk£vk¦_§�Ä�O�

þ¤"

ÚÚÚ½½½ 5 O�X k+1 = X k + Pk§fk+1 = f(X k+1)§gk+1 =

g(X k+1)"

ÚÚÚ½½½ 6 �äª�^�´Ä÷vºe´§KÊÅ¿Ñ

ÑX k+19fk+1¶ÄKk = k + 1§=Ú½3"



1oÙ Ã�å�`zO��{
Zhangxiaowei@uestc.edu.cn 4.5. Úî{ 289

L 4.1 O�(J

k 1 2 3 4 5 6 7

X k

(
0.00

3.00

) (
0.67

0.33

) (
1.11

0.56

) (
1.41

0.70

) (
1.61

0.80

) (
1.74

0.87

) (
1.83

0.91

)
f(X k) 52 3.13 0.63 0.12 0.02 0.005 0.0009

u´X 1 = X 0 + P0 = (0.67, 0.33)T§f(X 1) = 3.13"

UìÓ��L§§eL�Ñ
c8g�O�(J" ù�¯

K3X = (2, 1)T?��Ù4��0§¤��S�{X k}U
Ã

��C½��4�:" y

4.5.4 `̀̀""":::999ÙÙÙUUU???

`:µ�Ð©:l4�:�C�§ÚîS�{úª¤�)
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�S�Ø=UÂñ�§�Âñ�Ý��¯§cÙ´8I¼

ê´�½�g¼ê�§Úî{U
�g��4�:§Ùäk

�gª�5"

Ì�(½ÚU?�{µ

£1¤e3,:?HesseÝ
ÛÉ§ù´�^��eü��

�OÚî��§2���|¢"

£2¤HesseÝ
�ÛÉ§KUìÚî{O�{"k�

ÿ§Pk��ØU�y�eü��§=¦�eü��§��7

U�y¼ê��~�"ÏdI�©±eA«�/5?nµ

£1¤ef(X k+1) < f(X k)§KUìÚî{?1"
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£2¤ÄK§Uìe¡ü«�ª?n"

£I¤�|(gk)TPk| ≤ ε‖gk‖‖Pk‖�§L²PkA��gkR

�§ù�Uì��eü�{"

£II¤�(gk)TPk ≤ −ε‖gk‖‖Pk‖�§`²Úî��´e

ü��§d��÷ù���?1��|¢"ÄK(gk)TPk >

ε‖gk‖‖Pk‖�§`²Úî��Ø´eü��§d�����

�|¢��§?1��|¢"

4.5.5 ÂÂÂñññ555

½n 4.17 (ÚÚÚîîî{{{ÂÂÂñññ555½½½nnn) �

£1¤f(X ) ∈ C2¶
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£2¤H (X ) > 0£�½¤¶

£3¤Y²8C0 = {X |f(X ) ≤ f(X 0)}k.§

KÚî{½ö3k�ÚS�ª�¶½ö��Ã¡:

�{X k}§�kXe5�µ

£1¤{f(X k)}�î�üNeüê�¶

£2¤{X k}k��4�:X ∗§§´f(X )���:"

y² �{X k}�Ã¡:�§gk 6= 0§ÏH k > 0§¤

±(gk)TH kgk > 0"
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£1¤�λ > 0(λ < δ)¿©��§k

f(X k + λPk) = f [X k − λ(H k)−1gk]

= f(X k) + ( gk)T [−λ(H k)−1gk] + o(λ)

= f(X k) + λ
(
− (gk)T (H k)−1gk +

o(λ)

λ

)
(4-5-62)

Ï�−(gk)T (H k)−1gk < 0§¤±

f(X k + λPk) < f(X k), 0 < λ < δ, k = 0, 1, 2, · · · .
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l�3λ > 0§¦�

f(X k + λkP
k) = min

λ>0
f(X k + λPk) ≤ f(X k + λPk) < f(X k).

£2¤ÏX k ∈ {X |f(X ) ≤ f(X 0)}§�{X k}�k.:�§

KÙ7k4�:"

�x ∗� ? � 4 � : § � �limi→+∞X ki = X ∗§ 2

df(X )�ëY5klimi→+∞ f(X ki) = f(X ∗)§qÏ{X k}�

�üNeü�ke.�ê�§Ï

lim
i→+∞

f(X ki) = lim
i→+∞

f(X ki+1) = f(X ∗).
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b�g ∗ 6= 0§K

(g ∗)T (H ∗)−1g∗ > 0. (4-5-63)

Ù¥(H ∗)−1 > 0§¤±∃δ > 0§�0 < λ < δ�k

= f(X ∗)− λ(g ∗)T (H ∗)−1g∗ + o(λ)

= f(X ∗) + λ
(
− (g ∗)T (H ∗)−1g∗ +

o(λ)

λ

) (4-5-64)

Ïd

f
(
X ∗ + λ(H ∗)−1g ∗

)
< f(X ∗), 0 < λ < δ. (4-5-65)
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q

f(X ki+1) = min
λ>0

f(X ki + λPki) ≤ f
(
X ki + λ(H ki)−1gki

)
.

(4-5-66)

-i→ +∞ §Kk

f(X ∗) ≤ f
(
X ∗ + λ(H ∗)−1g∗

)
< f(X ∗). (4-5-67)

gñ�

Ï�H > 0§¤±f(X )�î�à¼ê§�7:7���

:"î�à¼ê���:7��§¤±·K�y� y
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§ 4.6 ���ÝÝÝ������{{{

��eü{kç¸y�§Âñ�Ýú¶Úî{�O

�HesseÝ
§O�þ��"�Ý��{�Âñ�Ý0u

cüö�m§ÃIO�HesseÝ
§�äk�gª�5"

f(X ) =
1

2
X TQX + bTX + c. (4-6-68)

3ùp§Q > 0"
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X∗

P0

P0

X0
1 X1

1

X0
2 X1

2

P1
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=§lX 0
2Ñu§±P0���?1°(��|¢��X 1

2§

3±dUì��P1 = X 1
1 −X 1

2?1°(��|¢B��`

)X ∗"

X 0
2 P0

−−−−−−→X 1
2 P1 = X 1

1 −X 1
2−−−−−−−−−−−−−−−→

X ∗

�	P1§

∇f(X ∗) = QX ∗ + b = 0. (4-6-69)

=§

∇f(X 1
2)+ t1QP1 = Q(X∗− t1P1)+b+ t1QP1 = 0. (4-6-70)
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¤±§

(P0)T∇f(X 1
2) + t1(P

0)TQP1 = 0⇒ (P 0)TQP1 = 0.

(4-6-71)

½Â 4.18 (���ÝÝÝ) �Q´n × né ¡ � ½ Ý 
 § X

JXÚQY��§=

X TQY = 0. (4-6-72)

K¡XÚY'uQ�Ý"

í2µ

½Â 4.19 (���ÝÝÝ) �Q´n× né¡�½Ý
§XJn��m
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¥��"�þ|P0!P1!· · ·!Pm−1üü'uQ �Ý§=

(P i)TQ(P j) = 0; i, j = 0 ∼ n, i 6= j. (4-6-73)

K¡ù|�þ'uQ�Ý"

5¿µ�ÝÚ���éX"

½n 4.20 XJ�"�þ|P0!P1!· · ·!Pm−1£´¤'

uQ�Ý�§Kùm��þ7,�5Ã'"

y² ´�" y

Ï�3n��m¥§�êõun���þ|'�5�'§¤

±§
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íØ 4.21 3Rn�m¥§p��Ý��"�þ��þ�êØ

�Ln�"

½n 4.22 (***ÜÜÜfff���mmm½½½nnn) �

f(X ) =
1

2
X TQX + bTX + c (4-6-74)

��½�g¼ê§�þ|P i, (i = 0 ∼ n − 1)�Q�Ý§K

l?¿�:X 0Ñu§�gUìP0!P1!∼!Pn−1 �|¢�

�?1°(��|¢§@o²Ln�S�:7,Âñu¯

K(4-6-74)��`)X∗"
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y² Ï�§

∇f(X k+1) = ∇f(X k) + tkQP k, k = 0 ∼ n− 1. (4-6-75)

¤±e∇f(X k) 6= 0§k = 0 ∼ n− 1§K§

∇f(X n) = ∇f(X k+1) +
n−1∑
i=k+1

tiQP i. (4-6-76)

Ïdék = 0 ∼ n− 1k§

(Pk)T∇f(X n) = (Pk)T∇f(X k+1) +
n−1∑
i=k+1

ti(P
k)TQP i = 0.

(4-6-77)

=§∇f(Xn)�P0!· · ·!Pn−1��"
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Ke¡�5XÚ§

(P0,P1, · · · ,Pn−1)T · ∇f(X n) = 0. (4-6-78)

�k")§=∇f(X n) = 0"qÏ�f(X )�à¼ê§l½

n�y� y

¯KµN��E�|'uQ�Ý��þ|º

(1)�vi§i = 0 ∼ n− 1´�|�5Ã'��þ|§Äk�

P0 = v0. (4-6-79)
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�®¦�P i§i = 0 ∼ k§y�EPk+1"-

Pk+1 = vk+1 +
k∑
r=0

βk+1,rP
r.

ùpβk+1,r��½Xê§�
¦Pk+1�P r§r = 0 ∼ k'

uQ�Ý§Ak

(P j)TQ ·Pk+1 = (P j)TQ ·vk+1+
k∑
r=0

βk+1,r(P
j)TQ ·P r = 0.

l�

βk+1,r = −(P r)TQv k+1

(P r)TQP r .
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u´§

Pk+1 = vk+1 −
k∑
j=0

(P j)TQv k+1

(P j)TQP j
P j. (4-6-80)

dL§¡��Gram-Schmidt�Ýz�{"

(2)ÏLKFÝ5�E�Ý�þ§=�ÝFÝ{"

4.6.1 ���ÝÝÝFFFÝÝÝ{{{

Äk�E

P0 = −g0. (4-6-81)
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ék = 1 ∼ n− 1§-

Pk+1 = −gk+1 + αkP
k.

Ù¥αk��½ëê§�Pk+1!Pk'uQ�Ý§¤±

(Pk+1)T ·QP k = −(gk+1)T ·QP k + αk(P
k)T ·QP k = 0.

l

αk =
(gk+1)TQP k

(Pk)TQP k
.

=§

Pk+1 = −gk+1 +
(gk+1)TQP k

(Pk)TQP k
Pk. (4-6-82)
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5µ�
Í¶��úª

íØ 4.23 (Daniel,1967)

αk =
(gk+1)TQP k

(P k)TQP k
.

íØ 4.24 (Sorenson &. Wolfe,1972)

αk =
(gk+1)T (gk+1 − gk)
(P k)T (gk+1 − gk)

.

íØ 4.25 (Myers,1972)

αk =
(gk+1)Tgk+1

(P k)Tgk+1
.
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íØ 4.26 (Flecher &. Reeves,1964)

αk =
‖gk+1‖2

‖gk‖2

íØ 4.27 (Polyak, Polak &. Ribiere,1969)

αk =
(gk+1)T (gk+1 − gk)

(gk)Tgk
.

íØ 4.28 (Dai &. Y uan,1999)

αk =
(gk+1)TP k+1

(P k)Tgk
.

~ 4.29 (FR���ÝÝÝFFFÝÝÝ{{{) ^FR�{¦)f(X) = x21+2x22§

�Ð©:X0 = (5, 5)T"
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) g , ∇f(X) =

2x1

4x2

,H , ∇2f(X) =

2 0

0 4

"
‖g0‖2 > ε§

P 0 = −g0 = (−10,−20)T§

X1 = X0 + t0P0 = X0 − t0g0

=

5

5

+
−(g0)TP 0

(P 0)THP 0

−10

−20


=

5

5

+
5

18

−10

−20
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=

 20
9

−5
9


‖g1‖ > ε

P 1 = −g1 + α0P0

=

−40
9

20
9

+
‖g1‖2

‖g0‖2

−10

−20


=

−40
9

20
9

+
4

81

−10

−20
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=

−400
81

100
81



X2 = X1 + t1P1

=

 20
9

−5
9

+
−(g1)TP 1

(P 1)THP 1

−400
81

100
81


=

 20
9

−5
9

+
9

20

−400
81

100
81
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=

0

0


‖g2‖2 = 0 < ε§X∗ = X2 = (0, 0)T" y

5¿Ð©��A�KFÝ��§ÄK¤�)��Ø´��

Ý��"

½n 4.30 éu�g�½¼êf(X) = 1
2X

TGX + bTX +

c§X ∈ Rn§eæ^°(��|¢§K�ÝFÝ{é?¿

�S�Úk§ke¡�ªf¤áµ

(gk)TP j = 0, 0 ≤ j ≤ k − 1; (4-6-83)
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(P k)TGP j = 0, 0 ≤ j ≤ k − 1; (4-6-84)

(gk)Tgj = 0, 0 ≤ j ≤ k − 1; (4-6-85)

(P k)Tgk = −‖gk‖2 (4-6-86)

y² P 0 = −g0§(g1)TP 0 = 0§(g1)Tg0 = 0"

P 1 = −g1 + α0P
0§(P 1)TGP 0 = 0"

yb�k¤á"

gk+1 − gk = G(Xk+1 −Xk) = tkGP
k

(gk+1)Tgj = (gk)Tgj + tk(P
k)TGgj

= (gk)Tgj − tk(P k)TG(P j − αj−1P j−1).
(4-6-87)
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(P k+1)TGP j = (−gk+1 + αkP
k)TGP j

=
1

tj
(gk+1)T (gj − gj+1) + αk(P

k)TGP j.
(4-6-88)

�j < k�§

(P k+1)TGP j = 0, j ≤ k − 1; (4-6-89)

(gk+1)Tgj = 0, 1 ≤ j ≤ k − 1. (4-6-90)

=�j < k�ék + 1¤á"
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�j = k�§

(gk+1)Tgk = (gk)Tgk + tk(P
k)TGP k

= (gk)Tgk − (gk)Tgk

(P k)TGP k
(P k)TGP k

= 0.

(4-6-91)

(P k+1)TGP k = − 1

tk
(gk+1)Tgk+1 + αk(P

k)TGP k

= −(gk+1)Tgk+1

(gk)Tgk
(P k)TGP k +

(gk+1)Tgk+1

(gk)Tgk
(P k)TGP k

= 0.

(4-6-92)
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=�j = k�ék + 1¤á"

��

(P k+1)Tgk+1 = (−gk+1 + αkP
k)Tgk+1

= −(gk+1)Tgk+1

= −‖gk+1‖2.

(4-6-93)

y

4.6.2 CCCºººÝÝÝ{{{£££[[[ÚÚÚîîî{{{¤¤¤

4.6.2.1 ���������ªªª

·���§Úî{�Âñ�Ýé¯§�Ù���·f:Ò
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´zgS�Ñ�O�8I¼ê�HesseÝ
Q±9Ù_Q−1§

�¯K��ên���§O�þ×�O\"

4.6.2.2 ééé¡¡¡���1úúúªªª£££SR1{{{¤¤¤

CºÝ{�Ä�g�µ|^3S�L§¥,
®�&

E§��E��#�Ý
£CºÝÝ
¤§¦�ù�Ý


�Hesse Ý
Cq"

éu�g¼ê

f(X) =
1

2
XTQX + bTX + c

ùpQ > 0.
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ÚîS�úª�

Xk+1 = Xk − (Qk)−1gk. (4-6-94)

�(Qk)−1,«CqHk§òÙC�XeS�

Xk+1 = Xk −Hkgk. (4-6-95)

���/

Xk+1 = Xk − tkHkgk. (4-6-96)

¯KµNo�EHkº
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(1)|¢��P k = −HkgkAT�eü��§=

(gk)TP k = −(gk)THkgk < 0.

Ø�-

Hk > 0. (4-6-97)

(2)

f(Xk) =f(Xk+1) +∇f(Xk+1)T (Xk −Xk+1)

+
1

2
(Xk −Xk+1)T∇2f(Xk+1)(Xk −Xk+1).

(4-6-98)
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'uXk¦�§�

∇f(Xk) = ∇f(Xk+1) +∇2f(Xk+1)(Xk −Xk+1). (4-6-99)

=

gk = gk+1 +Qk+1(Xk −Xk+1). (4-6-100)

Ïd§eQk+1�½�§k

(Qk+1)−1(gk+1 − gk) = Xk+1 −Xk. (4-6-101)

PY k = gk+1 − gk§Sk = Xk+1 −Xk§k

(Qk+1)−1Y k = Sk. (4-6-102)
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u´§Ø�-Hk+1÷vþª§�

Hk+1Y k = Sk. (4-6-103)

¡ª(4-6-103)�[Úî�§(^�).

(3)�
BuO�§-

Hk+1 = Hk + ∆Hk. (4-6-104)
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¿�Ä?��∆Hk��1é¡Ý
§=

Hk+1 −Hk = ∆Hk = P



λ

0

. . .

0


P T . (4-6-105)

-uL«P�1��§=

Hk+1 = Hk + λuuT . (4-6-106)
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òdª�\[Úî�§§�

λuuTY k = Sk −HkY k , Zk. (4-6-107)

Ø�-

u = αZk. (4-6-108)

òdª�\þª

λα2Zk(Zk)TY k = Zk. (4-6-109)

þª�¦±(Zk)T§�

λα2 =
1

(Zk)TY k
=

1

(Y k)TZk
. (4-6-110)
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u´

Hk+1 = Hk +
Zk(Zk)T

(Y k)TZk
(4-6-111)

5� 4.31 3SR1�{¥§dª(4-6-111)(½�H i§i =

1, 2, · · · , k + 1"Ñ÷v[Úî^�§=

Hk+1Y k = Sk.

5� 4.32 SR1�{^uf(X) = 1
2X

TQX + bTX + c§Q >

0§XJ

(1)H0 > 0¶

(2)S�:pÉ¶
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(3)(Zk)TY k 6= 0.

@o§

(P i)TQP j = 0; i, j = 0 ∼ k + 1, i 6= j (4-6-112)

Hk+1QP j = P j; j = 0 ∼ k; (4-6-113)

5µSR1�{´�«�Ý��{§�,äk�gÂñ5"

y² Ï�

QSj = Y j, j = 0 ∼ k + 1.

Hj+1Y j = Sj, j = 0 ∼ k + 1.

Sj = −tjHkgk = tjP
k, j = 0 ∼ k + 1.
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¤±

Hj+1QP j = P j, j = 0 ∼ k. (4-6-114)

w,k = 0�§k

H1QP 0 = P 0,

(P 1)TQP 0 = −(g1)TH1QP 0

= −(g1)TP 0

= 0.
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b�k = m− 1¤á¶

y3y²k = m�¤áµ

Ï�

(Sm)TQP j = tm(Pm)TQP j

= 0, j = 0 ∼ m− 1;
(4-6-115)

(Y m)THmQP j = (Y m)TP j

= (Sm)TQP j

= 0, j = 0 ∼ m− 1;

(4-6-116)
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¤±

Hm+1QP j = HmQP j = P j, j = 0 ∼ m− 1; (4-6-117)

q

Hm+1QPm = Pm. (4-6-118)

��

(Pm+1)TQP j = −(gm+1)THm+1QP j

= −(gm+1)TP j = 0. j = 0 ∼ m.
(4-6-119)

y

½n 4.33 (é¡����5�½n) �S0, S1, · · · , Sn−1�
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5Ã'§@oéu�g¼ê§SR1�{�õn + 1Úª�§

=Hn = Q−1"

y² ��g¼êf(X)�HesseÝ
Q´�½�,3¤k�g

ª�5y²¥·�Ñ|^

Y k = QSk

Äk§·�^8B{y²

H iY j = Sj, j = 0, 1, · · · , i− 1.

éui = 1§��dSR1úª��þª¤á"8b½þªé
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ui ≥ 1¤á, ·�y²§éui+ 1�¤á"·�k

H i+1Y j = H iY j +
(Si −H iY i)(Si −H iY i)TY j

(Si −H iY i)TY i
,

�j < i�§d8B{b�k

(Si −H iY i)TY j = (Si)TY j − (Y i)TH iY j

= (Si)TYj − (Y i)TSj

= (Si)TGSj − (Si)TGSj

= 0,
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�

H i+1Y j = H iY j = Sj, j < i.

�j = i�§k

H i+1Y i = Si.

l§

Sj = HnY j = HnQSj, j = 0, 1, · · · , n− 1.

duP j�5Ã'§�HnQ = I§=Hn = Q−1" y

5µé¡����úªäk:
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(1){ü!é¡S�/ª"

Hk+1 = Hk +
(Sk −HkY k)(Sk −HkY k)T

(Y k)T (Sk −HkY k)
, (4-6-120)

ùp§

Sk = Xk+1 −Xk, Y k = gk+1 − gk. (4-6-121)

(2)÷v[Úî^�.

Hk+1Y k = Sk. (4-6-122)

,SR1kü�²w�":µ
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(3)SR1úª�UÑy

Sk −HkY k = 0 (4-6-123)

(Y k)T (Sk −HkY k) = 0 (4-6-124)

(4)ØU�yP k = −Hkgk´eü��§=HkØ�½"

4.6.2.3 ééé¡¡¡���2úúúªªª£££DFP���{{{¤¤¤

SR1úª�í�´b�CºÝÝ
?��∆Hk��é¡Ý


§�rank(∆Hk) = 1"
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Ïd∆Hkäke¡�{ü/ªµ

Q



λ

0

. . .

0


QT = λuuT , λ(6= 0) ∈ R, u ∈ Rn.

(4-6-125)

e4∆Hk�/ª�E,
§-rank(∆Hk) = 2§@o¬�

�N��S�úªQº���úª´ÄØ¬äkSR1�"

:"

ùÒ´e¡�ù�äké¡�����DFP�{"
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DFP�{Äk´dDavidon£1959c¤JÑ5�§�

5§FletcherÚPowell£1963c¤éDavidon��{�
U

?"ù«�{´Ã�å�`z�{�k���{��"ÙÌ

��A:Ò´äk�½¢D5"

(1)é¡����úªí�

�âc¡�©Û§erank(∆Hk) = 2§K

∆Hk = P



λ1

λ2

. . .

0


P T = λ1u1u

T
1 + λ2u2u

T
2 . (4-6-126)
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ùp§λi(6= 0) ∈ R§ui ∈ Rn§i = 1, 2"

d[Úî^�§

∆HkY k = Sk −HkY k.

=

λ1u1u
T
1 Y

k + λ2u2u
T
2 Y

k = Sk −HkY k. (4-6-127)

�SR1ØÓ§þª(4-6-127)ØU��(½u1§u2§Ïd§

AÏkµ

λ1u1u
T
1 Y

k = Sk, (4-6-128)
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λ2u2u
T
2 Y

k = −HkY k. (4-6-129)

¤±∃α, β ∈ R§¦�

u1 = αSk, (4-6-130)

u2 = −βHkY k. (4-6-131)

¤±

λ1α
2Sk(Sk)TY k = Sk, (4-6-132)

λ2β
2HkY k(HkY k)TY k = −HkY k. (4-6-133)
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Ï

λ1α
2 =

1

(Sk)TY k
(4-6-134)

λ2β
2 = − 1

(HkY k)TY k
(4-6-135)

=

λ1u1u
T
1 = λ1α

2Sk(Sk)T =
Sk(Sk)T

(Sk)TY k
(4-6-136)

λ2u2u
T
2 = λ2β

2HkY k(HkY k)T

= −H
kY k(HkY k)T

(HkY k)TY k

(4-6-137)
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l��DFP�{�é¡����úªµ

Hk+1 = Hk +
Sk(Sk)T

(Sk)TY k
− HkY k(HkY k)T

(HkY k)TY k
(Eq : SR2)

(2)�½¢D5

½n 4.34 e�H1 = I§K(Eq : SR2)¤�)�Hk´é¡�

½�"

y² é¡5w,§e�y�½5"

k = 1§¤á¶b�Hk¤á¶eyHk+1¤áµ
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∀ X(6= 0) ∈ Rn§k

XTHk+1X = XTHkX +
XTSk(Sk)TX

(Sk)TY k
− XTHkY k(HkY k)TX

(HkY k)TY k

=
XTHkX(Y k)THkY k −XTHkY k(Y k)THkX

(Y k)THkY k

+
XTSk(Sk)TX

(Sk)TY k

=
XTHkX(Y k)THkY k − (XTHkY k)2

(Y k)THkY k

+
(XTSk)2

(Sk)TY k

(4-6-138)
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qÏ�

(Sk)TY k = tk(P
k)T (gk+1 − gk)

= −tk(P k)Tgk = tk(g
k)THkgk > 0, (Hk > 0)

(4-6-139)

XTHkX(Y k)THkY k − (XTHkY k)2 ≥ 0, (Cauchy − Schwarz)

(4-6-140)

(XTSk)T = (Sk)TX = α(Sk)TY k

= αtk(g
k)THkgk 6= 0, (X = αY k, α 6= 0)

(4-6-141)

y.� y
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(3)�{£ã

���{{{ 4.7 DFP�{
3äké¡����úª�CºÝ{¥§��rºÝÝ
S�úª

U�ª(Eq : SR2)§T�{Ò�DFP�{"

~ 4.35 ^DFP�{¦min 2x21 + x22 − 4x1 + 2§�X1 =

(2, 1)T"

) g =

4(x1 − 1)

2x2

§Q =

4 0

0 2

§H1 =

1 0

0 1

§g1 =

4

2

§‖g1‖ 6= 0¶
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1�gS�µ

P 1 = −H1g1 = −g1§X2 = X1 + t1P
1 = X1 + −g1P 1

(P 1)TQP 1P
1 =8

9

4
9

§g2 =

−4
9

8
9

§‖g2‖ 6= 0¶

1�gS�µ

S1 = X2 −X1 =

−10
9

−5
9

§Y 1 = g2 − g1 =

−40
9

−10
9

§
¤±

H2 = H1 +
S1(S1)T

(S1)TY 1
− H1Y 1(H1Y 1)T

(H1Y 1)TY 1
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=

1 0

0 1

+
1

18

4 2

2 1

− 1

17

16 4

4 1


=

1

306

 86 −38

−38 305



|¢���P 2 = −H2g2 = 12
51

 1

−4


lX2Ñu÷P 2?1��|¢§=



1oÙ Ã�å�`zO��{
Zhangxiaowei@uestc.edu.cn 4.6. �Ý��{ 346

X3 = X2 + t2P
2 =

1

0

 ,

‖g3‖ = 0§¤±X3´4�:" y

CºÝ{´¦)Ã�å`z¯K��k��{��§

Ùäk�gÂñ5"÷vª(4-6-127)�u1, u2kÃ¡õ�§

ÏdþãCºÝ{Ò�¤�x�{"~��kBroydenx

ÚHuangxü�a"

4.6.2.4 ???���úúúªªª

(1)1967cBroyden�Ñµ



1oÙ Ã�å�`zO��{
Zhangxiaowei@uestc.edu.cn 4.6. �Ý��{ 347

Broydenaúªµ

Hk+1 = Hk +
Sk(Sk)T

(Y k)TSk
− HkY k(Y k)THk

(Y k)THkY k

+ β(Y k)TSk(Y k)THkY kωk(ωk)T .

(4-6-142)

3ùp§

ωk =
Sk

(Y k)TSk
− HkY k

(Y k)THkY k
. (4-6-143)

• �β = 1
(Y k)T (Sk−HkY k)

�§⇒ SR1"

• �β = 0�§⇒ SR2"

(2)1970cHuang�Ñµ
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Huangaúªµ

Hk+1 = Hk + Sk(uk)T +HkY k(vk)T . (4-6-144)

3ùp§

uk = akS
k + bk(H

k)TY k, (4-6-145)

vk = ckS
k + dk(H

k)TY k. (4-6-146)

�÷v

(uk)TY k = ω, (4-6-147)

(vk)TY k = −1 (4-6-148)
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• �ω = 1§ak = bk = 0�§⇒ DFP"

• �ω = 1§bk = ck�§⇒ Broyden"

• �ω = 1§bk = ck§dk = 0�§⇒ BFGS§=

Hk+1 = Hk + βk
Sk(Sk)T −HkY k(Sk)T − Sk(Y k)THk

(Sk)TY k
,

βk = 1 +
(Y k)THkY k

(Sk)TY k
.

(4-6-149)

BFGSdBroyden§F letcher§GoldfarbÚShannou1970c

JÑ"du¢SO�¥§3��Ø��K�§AO´��|

¢Ø°(�K�§��¬»�ºÝÝ
��½5§l�
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��{��"BFGS'DFPäk�Ð�ê�½5" ��

yHk��½5§~æ�±e���µS�n + 1 g�§

�Ð©:ÚS�Ý
§=X1 = Xn§H1 = I"

(3)BroydenxÚHuangx'X�µ

Huang �

∣∣∣∣∣∣∣∣∣∣∣
DFP

Broyden

BFGS

�

∣∣∣∣∣∣∣
SR1

SR2
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§ 4.7 &&&666������{{{

Úî{�Ä�g�´3S�:xkNC^�g¼ê

q(k)(s) = f(xk) + gTk s+
1

2
sTGks (4-7-150)

%Cf(x)§¿±q(k)(s)�4�:?�xk§��

xk+1 = xk + sk. (4-7-151)

�´§ù«�{�U�y�{�ÛÜÂñ5§=�k�s¿©

��§q(k)(s)âU%Cf(x)"

�
ïá�{�oNÂñ5§·�c¡0�
��|¢E
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â§3æ^��|¢��{¥§·��±Ó��|¢��§

ÀJ�� á
�Ú�"�,ù«üÑ´¤õ�§�§k

��":§=vk?�Ú|^n��g�."

4.7.1 ÄÄÄ���ggg���

&6��{Ø=�±^5�O��|¢§���±)

ûHesseÝ
GkØ�½Úxk�Q:�(J"

ù«�{ÄkÀJ�� á
�Ú�§,�|^n��g

�.ÀJ|¢��"=k(½��Ú�þ.hk§¿dd½
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Âxk���Ωk§

Ωk = {x | ‖x− xk‖ ≤ hk}. (4-7-152)

b½3ù���¥q(k)(s)�8I¼êf(xk + s)��§=�g

�.´8I¼êf(x)���Ü·��[§,�^n��g�

.q(k)(s)(½|¢��sk§¿�xk+1 = xk + sk"

ù«�{QäkÚî{�¯�ÛÜÂñ5§qäkn��

oNÂñ5"duÚ�É�¦TaylorÐªk��&6���

�§��{q¡��Ú��{"
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&6��{��.¯K´

min q(k)(s) = f(xk) + gTk s+
1

2
sTGks

s.t. (4-7-153)

‖s‖ ≤ hk.

5¿§ùp��êvk�²§�±|^2-�ê‖ · ‖2§∞-�

ê‖ · ‖∞§��±|^G-�ê‖ · ‖G½Ù§�ê§õê�{æ

^‖ · ‖2"

XÛÀJhkº�∆fk�f31kÚ�¢Seüþ:

∆fk = fk − f(xk + sk), (4-7-154)
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∆q(k)�éA�ýÿeüþ:

∆q(k) = fk − q(k)(s). (4-7-155)

½Â'�:

rk = ∆fk/∆q
(k), (4-7-156)

§ïþ�g�.q(k)(sk)Cq8I¼êf(xk + sk)�§

Ý"rk��C1§L²Cq§Ý�Ð"

e¡�Ñ��{ü��ª�{§§g·A/UChk§¿�

3¦hk¦�U��Ó�§¦þ�±�g�.�8I¼ê��

�§Ý"
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���{{{ 4.8&6��{
ÚÚÚ½½½ 1 �Ñx0§-h0 = ‖g0‖§k = 0"

ÚÚÚ½½½ 2 �ÑxkÚhk§O�gkÚGk"

ÚÚÚ½½½ 3 )&6��.(4-7-153)§¦Ñsk"

ÚÚÚ½½½ 4 ¦f(xk + sk)Úrk��"

ÚÚÚ½½½ 5

if rk < 0.25 then

hk+1 = ‖sk‖/4;

else if rk > 0.75Ú‖sk‖ = hk then

hk+1 = 2hk¶

else

hk+1 = hk"

end if

ÚÚÚ½½½ 6 erk ≤ 0§Kxk+1 = xk¶ÄK§xk+1 = xk + sk"
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AT�Ñ§(1)�{¥�~ê0.25§0.75�´�â²�

À��§�{éù
~ê�CzØ�¯a"(2)���

âõ�ª��À�hk§~X�rk < 0.25�§�±3«

m(0.1‖sk‖, 0.5‖sk‖)¥dõ�ª��À�hk+1"

~ 4.36 ¦)min f(X) = x41+x21+x22−4x2+5§ùp§X0 =

(0, 0)T"

) y

4.7.2 &&&666������{{{���ÂÂÂñññ555

&6��{���âÑ`:´§äkoNÂñ5.e¡·�
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=Òl2�ê�Ñ�{�oNÂñ5y².aq/,|^�ê�d

5½n,�±��ÙoNÂñ5éÙ§�ê�¤á.

½n 4.37 (oooNNNÂÂÂñññ555½½½nnn) �B ∈ Rn´k.8,xk ∈ B,

∀k,ef ∈ C2,3k.8Bþ‖Gk‖2 ≤ M , M > 0,K&6��{

�)��÷v��Ú��7�^��à:x∞.

½n 4.38 XJà:x∞�÷vf�HesseÝ
G∞´�½�^

�,@o,éuÌS�,krk → 1, xk → x∞, glb (xk) > 0,±9é

u¿©��k,�å‖s‖2 < hk.d	,Âñ�Ý´���.
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¯K�µ

min f(X) (NLP )

s.t.

gi(X) ≥ 0, i = 1 ∼ m; (5-0-1)

hj(X) = 0, j = 1 ∼ l. (5-0-2)

�{��©�±eAaµ

• �1��{£Feasible Direction¤
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• �5z£Linearization Technique¤

• ¨v¼ê{£Penalty Function¤

§ 5.1 ���`̀̀555^̂̂���

5.1.1 ���111������

½Â 5.1 (���111���) R = {X|gi(X) ≥ 0, hj(X) = 0, i = 1 ∼

m, j = 1 ∼ l}"

½Â 5.2 (���111������) �X ∈ R§eé,���"�þP ∈

Rn§�3��δ > 0§¦�é¤kλ ∈ (0, δ)�§kX + λP ∈

R§K¡P �:X?����1��"
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½Â 5.3 (eeeüüü������) �X´(NLP )� � � � 1 : § �

3δ > 0§�λ ∈ (0, δ)�§e�3�"�þP¦�f(X+λP ) <

f(X)¤á§K¡P�f(X)3:X?���eü��"

½Â 5.4 (���111eeeüüü������) �X´(NLP )����1:§�

"�þPQ´:X?��1��§q´f(X)3:X?���

eü��"
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X∗

X

g1(x) ≥ 0

g2(x) ≥ 0

−g(X)

∇g2(X)
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½Â 5.5 �X´(NLP )� � � � 1 : § e∃k ∈

{1, · · · ,m}§¦�gk(X) = 0§K¡Ø�ªgk(X) ≥ 0�'

uX�å�^�å(È4�å!k��å)¶ÄK¡�Øå�

^�å(�È4�å!�k��å)"e-I(X) , {i | gi(X) =

0, i = 1 ∼ m}§J , {1, 2, · · · , l}§K¡A = I(X)
⋃
J�'

uX�å�^(È4!k�)�å8"

½n 5.6 �P´(NLP )����1eü��§Kk

∇f(X)TP < 0; (5-1-3)

∇gk(X)TP > 0; k ∈ A. (5-1-4)
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5.1.2 ������777���^̂̂���

½Â 5.7 (���KKK:::) �X ∈ R§e∇gi(X)§∇hj(X)§i ∈

I(X)§j ∈ J�5Ã'§K¡X�R����K:"

½n 5.8 (������777���^̂̂���) �f(X)§gi(X)§hj(X)� � §

eX∗´(NLP )���ÛÜ4�:���K:§K�3λ∗i (i ∈

I(X∗))±9µ∗j(j ∈ J )§¦�

∇f(X∗) =
∑

i∈I(X∗)

λ∗i∇gi(X∗) +
l∑

j=1

µ∗j∇hj(X∗), (5-1-5)

λ∗i ≥ 0, λ∗igi(X
∗) = 0, i = 1, 2, · · · ,m. (5-1-6)
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¤á"

½Â 5.9 (KKT:::) ¡(5-1-5)Ú(5-1-6)�KKT^�¶¡÷

vKKT^��:�KKT:§½K − T:"

~ 5.10

min f(X) = (x1 − 2)2 + (x2 − 1)2

s.t.

g1(X) = x2 − x21 ≥ 0

g2(X) = 2− x1 − x2 ≥ 0

) y
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−4 −3 −2 −1 1 2 3 4 5 6

−1

1

2

3

4

0

g1(X) = x2 − x21 ≥ 0

g2(X) = 2− x1 − x2 ≥ 0

X0X∗

∇g2(X∗)

∇g1(X∗)

−∇f(X∗)
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~ 5.11 Á�yX∗ = (1, 1, 1)T�e¡¯K�KKT:"

min f(X) = −3x21 − x22 − 2x23

s.t.

− x1 + x2 ≥ 0

x21 + x22 + x23 = 3

xi ≥ 0, i = 1, 2, 3.

) �3λ∗ = 2§µ∗ = −2§¦�

∇f(X∗) = λ∗∇g1(X∗) + µ∗∇h1(X∗),
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λ∗ ≥ 0,

λ∗g1(X
∗) = 0.

y

5.1.3 ������¿¿¿©©©^̂̂���

½n 5.12 (������¿¿¿©©©^̂̂���) �f(X)§gi(X)§hj(X)�gë

Y��§eX∗ ∈ R§�3λ∗i§µ∗j§i = 1 ∼ m§j = 1 ∼ l§¦

�KKT^�¤á�é÷v^�

ZT∇gi(X∗) = 0, i ∈ I(X∗), λ∗i > 0; (5-1-7)
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ZT∇gi(X∗) ≥ 0, i /∈ I(X∗), λ∗i = 0; (5-1-8)

ZT∇hj(X∗) = 0. (5-1-9)

��"�þZk

ZT
(
∇2f(X∗)−

m∑
i=1

λ∗i∇2gi(X
∗)−

l∑
j=1

µ∗j∇2hj(X
∗)
)
Z > 0

(5-1-10)

¤á§KX∗�(NLP )�î�ÛÜ��:"

~ 5.13

min f(X) = x21 − 8x1 + x2 + 16
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s.t.

g1(X) = −(x1 + x22) + 5 ≥ 0

g2(X) = −(x1 + x2) + 5 ≥ 0

h1(X) = (x1 − 4)2 + x22 − 9 = 0

)
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1. 2. 3. 4. 5. 6. 7. 8.

−3.

−2.

−1.

1.

2.

3.

0

y
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§ 5.2 ¨̈̈vvv¼¼¼êêê{{{

5.2.1 ÄÄÄ���ggg���

Ä�g�´k�å��`z¯KÏLvÏf�ÀJC��

X��¦v¼ê�4��§=ò�¯K=z�Ã�å`z¯

K"�Ä

min f(X) (5-2-11)

s.t.

gi(X) = 0, i = 1 ∼ m. (5-2-12)
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v¼ê{òÙ=z�

minP (X,mk) = min f(X) +mk

m∑
i=1

(
gi(X)

)2
(5-2-13)

ùp§¡mk�vÏf§Ù���é��¢ê¶¡P (X,mk)�

v¼ê"Ï~-α(X) , mk

∑m
i=1

(
gi(X)

)2
�v�"

5.2.2 ²²²LLL)))ººº

er8I¼êw¤´d�§�å^�w¤´5½§æ	<


�35½���S	��B¨�ÀÜ"é��5½�½


¨v�ü"

eÎÜ5½§v±�"¶e���ü§�Âv±§�É¨



1ÊÙ �å�`z�{
Zhangxiaowei@uestc.edu.cn 5.2. ¨v¼ê{ 374

v"(J´æ	<
GÑ�o�d´d�Úv±�oÚ§½

¦o�d��"

5.2.3 vvvÏÏÏfff���...���KKKFFF¦¦¦fff���mmm���'''XXX

éu¯K(5-2-11)µ

-.�KF¼ê�

L(X,λ) = f(X) +
m∑
i=1

λigi(X) (5-2-14)

v¼ê�

P (X,m) = f(X) +
m∑
i=1

mi

(
gi(X)

)2
(5-2-15)
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Kk

λi
2mi

= gi(X). (5-2-16)

§ 5.3 			:::vvv¼¼¼êêê{{{

5.3.1 ÄÄÄ���ggg���

~ 5.14

min f(X) = x2

s.t.

g(X) = x+ 1 ≤ 0
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0.2

0.4

0.6

0.8

1.

1.2

1.4

1.6

0

X̂X∗



1ÊÙ �å�`z�{
Zhangxiaowei@uestc.edu.cn 5.3. 	:v¼ê{ 377

5.3.2 ���������ååå���`̀̀zzz???nnn

Äk�é

minf(x) (5-3-17)

s.t.

hj(X) = 0, j = 1 ∼ l.

�E

P (X,mk) = f(X) +mk

l∑
j=1

(
hj(X)

)2
. (5-3-18)
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�d§éu

minf(X) (5-3-19)

s.t.

gi(X) ≥ 0, i = 1 ∼ m.

�E

P (X,mk) = f(X) +mk

m∑
i=1

(
gi(X)

)2
ui(gi). (5-3-20)
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ùp§mk+1 > mk§ui(gi)�ü ��¼ê§=

ui(gi) =

0, if gi ≥ 0

1, otherwise

(5-3-21)

½ö§Xe�E

P (X,mk) = f(X) +mk

m∑
i=1

(
min

(
gi(X), 0

))2

(5-3-22)

Ïd§éu��¯K(NLP )§�Xe�Ev¼ê

p(X,mk) = f(X) +mk

(
l∑

j=1

(
hj(X)

)2
+

m∑
i=1

(
gi(X)

)2
ui(gi)

)
.

(5-3-23)
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e-

α(X) =
l∑

j=1

(
hj(X)

)2
+

m∑
i=1

(
gi(X)

)2
ui(gi). (5-3-24)

K�å`z¯K(NLP )�=z�¦)e¡�Ã�å`z¯

Kµ

minP (X,mk) = min
(
f(X) +mkα(X)

)
. (5-3-25)

XJX∗k ∈ R§Ké?¿X ∈ R§k

f(X∗k) = P (X∗k ,mk) ≤ P (X,mk) = f(X). (5-3-26)

=X∗k´¯K(5-3-23)��`)"w,eX∗k´¯K(NLP )��
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`)§g,X∗k ∈ R"

5.3.3 ���{{{

��{5.1"

���{{{ 5.1	:{
ÚÚÚ½½½ 1 À½X0§m1 > 0(m1 = 1)§C > 1(C = 10)§k = 1"

ÚÚÚ½½½ 2 ±Xk−1�Ð©:§¦)Ã�å`z¯K(5-3-23)��`

)Xk"

ÚÚÚ½½½ 3 emkα(Xk) < ε§KXk�`z¯K(NLP )��`)§ÄK

=Ú½(4)"

ÚÚÚ½½½ 4 -mk+1 = Cmk§k = k + 1§=Ú½(2)"
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~ 5.15

min f(X)

s.t.

g1(X) = −x21 + x2 ≥ 0.

g2(X) = x1 ≥ 0.

)

X(m) =

(
− 1

2(1 +m)
,
( 1

4(1 +m)2
− 1

2m

))T

.

y
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~ 5.16

min(x− 1)2

s.t.

x− 2 ≥ 0.

) x∗ = 2" y

5.3.4 ÂÂÂñññ555½½½nnn

Ún 5.17 �:�{Xk}´d�{5.1¤�)�S�§Kk

P (Xk+1,mk+1) ≥ P (Xm,mk) (5-3-27)
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α(Xk+1) ≤ α(Xk) (5-3-28)

f(Xk+1) ≥ f(Xk) (5-3-29)

ùp§k ≥ 1"

y² Äk

P (Xk+1,mk+1) = f(Xk+1) +mk+1α(Xk+1)

≥ f(Xk+1) +mkα(Xk+1)

= P (Xk+1,mk)

≥ P (Xk,mk).

(5-3-30)
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�X

f(Xk+1) +mkα(Xk+1) ≥ f(Xk) +mkα(Xk), (5-3-31)

f(Xk) +mk+1α(Xk) ≥ f(Xk+1) +mk+1α(Xk+1). (5-3-32)

=

mk

(
α(Xk)− α(Xk+1)

)
≤ f(Xk+1)− f(Xk)

≤ mk+1

(
α(Xk)− α(Xk+1)

)
.

(5-3-33)



1ÊÙ �å�`z�{
Zhangxiaowei@uestc.edu.cn 5.3. 	:v¼ê{ 386

Kk

(mk+1 −mk)
(
α(Xk)− α(Xk+1)

)
≥ 0. (5-3-34)

Ïd

α(Xk+1) ≤ α(Xk). (5-3-35)

��§w,kf(Xk+1) ≥ f(Xk)¤á" y

½n 5.18 �f§gi§hjÑ´Rnþ�ëY¼ê§Kd�

{5.1�)�?ÛÂñS�{Xk}�4�:7´�å`z¯

K(NLP )�4�:"
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y² �Xk → X§X∗�¯KNLP�4�:"Ï�

f(X∗) = P (X∗,mk) ≥ P (Xk,mk) ≥ f(Xk), (5-3-36)

¤±

f(X∗) ≥ f(Xk). (5-3-37)

ey²

f(X∗) ≤ f(Xk). (5-3-38)
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Ï�

lim
k→∞

P (Xk,mk) = P ≤ f(X∗), (5-3-39)

lim
k→∞

f(Xk) = f ≤ f(X∗). (5-3-40)

¤±

lim
k→∞

α(Xk) = lim
k→∞

P (Xk,mk)− f(Xk)

mk
= 0. (5-3-41)

Ïd

α(X) = lim
k→∞

α(Xk) = 0. (5-3-42)
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¤±

X ∈ R. (5-3-43)

lªf(5-3-38)¤á"

dªf(5-3-37)Úªf(5-3-38)�y� y

§ 5.4 SSS:::vvv¼¼¼êêê{{{

	:{A:µ

(1)�ª�å§�à5y¶

(2)Ð©:�±?¿ÀJ¶

�´§
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(3)�1«�	¼êÃ½Â½5�E,§	:{��"

5.4.1 ÄÄÄ���ggg���

~ 5.19

min f(X) = x2

s.t.

g(X) = x+ 1 ≤ 0
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�Ä

min f(X) (5-4-44)

s.t.

gi(X) ≥ 0, i = 1 ∼ m.

ùpS , {X | gi(X) ≥ 0, i = 1 ∼ m}§¿�¦So 6= ∅"

½Âv¼ê�

P (X, rk) = f(X) + rk

m∑
i=1

1

gi(X)
. (5-4-45)
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ùp¡

β(X) =
m∑
i=1

1

gi(X)
. (5-4-46)

�v�"

½½Âv¼ê�

P (X, rk) = f(X) + rk

m∑
i=1

ln gi(X), (5-4-47)

P (X, rk) = f(X) + rk

m∑
i=1

1(
gi(X)

)2 . (5-4-48)



1ÊÙ �å�`z�{
Zhangxiaowei@uestc.edu.cn 5.4. S:v¼ê{ 394

~ 5.20

min f(X) = x

s.t.

g(x) = x ≥ 0.

5.4.2 ���{{{

~ 5.21

min f(X) =
1

3
(x1 + 1)3 + x2

s.t.
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���{{{ 5.2S:{
ÚÚÚ½½½ 1 À½X0 ∈ So§r1 > 0(r1 = 10)§C < 1(C = 0.1)§k = 1"

ÚÚÚ½½½ 2 ±Xk−1�Ð©:§¦)Ã�å`z¯K(5-4-45)��`

)Xk"

ÚÚÚ½½½ 3 erkβ(Xk) < ε§KXk�`z¯K(5-4-44)��`)§ÄK

=Ú½(4)"

ÚÚÚ½½½ 4 -rk+1 = Crk§k = k + 1§=Ú½(2)"

g1(X) = x1 − 1 ≥ 0,

g2(X) = x2 ≥ 0.

) X∗ = (1, 0)T" y
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~ 5.22 ^éêv¼ê{(5-4-47)¦)

min f(X) = x1 + 2x2

s.t.

g1(X) = −x21 + x2 ≥ 0,

g2(X) = x1 ≥ 0.

) X∗ = (0, 0)T" y
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5.4.3 ÂÂÂñññ555½½½nnn

Ún 5.23 dS:{(5.2)�)�:�Xk§k

P (Xk+1, rk+1) ≤ P (Xk, rk). (5-4-49)

y²

P (Xk, rk) = f(Xk) + rkβ(Xk)

≥ f(Xk) + rk+1β(Xk)

= P (Xk, rk+1)

≥ P (Xk+1, rk+1).

(5-4-50)
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y

½n 5.24 �f§giÑ´Rnþ�ëY¼ê§KdS:�

{5.2�)�?ÛÂñS�{Xk}�4�:7´�å`z¯

K(5-4-44)�4�:"

y² �Xk → X§¿-X∗´`z¯K(5-4-44) �4�:"Ï

�

P (Xk, rk) ≥ f(Xk) ≥ f(X∗), (5-4-51)

¤±

lim
k→∞

P (Xk, rk) , P ≥ f(X∗). (5-4-52)
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Ï�fëY§¤±é∀ε > 0§Ñ�3X̃ ∈ So§¦�

f(X̃)− f(X∗) < ε, (5-4-53)

qÏ�

P (Xk, rk)− f(X∗) ≤ f(X̃)− f(X∗) + rkβ(X̃), (5-4-54)

¤±�k →∞§Òk

P (Xk, rk)− f(X∗) < ε. (5-4-55)
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Ïd

lim
k→∞

P (Xk, rk) = f(X∗) = lim
k→∞

f(Xk). (5-4-56)

y

5.4.4 ���(((

¨v¼ê{Ä�g�µe�cS�:Ø÷v�15½k

Ø÷v�15�ª³§KéÙ¼ê�V\��'���êi

£¨v�¤§½¦S�:34�z�L§¥��1«��C

½÷v�15"

`":µ�{{ü§�±^¦)Ã�å`z¯K��{
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¦)�å`z¯K§,vÏfÀJ(J§N´Ñyê�Ø

½�/¶	:{Ï~���)Ø÷v�15§S:{÷

v¶	:{�±?n¤k�å§S:{�U?nØ�ª�

å"

§ 5.5 ¦¦¦fff{{{

�Ä

min f(X)

s.t. (5-5-57)

hj(X) = 0, j = 1, · · · , l.
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ùp§f(X)§hj(X)´�gëY��¼ê"

½ÂXe¦fv¼ê(O2Lagrange¼ê)µ

φ(X, V, σ) = f(X)−
l∑

j=1

vjhj(X) +
σ

2

l∑
j=1

h2j(X). (5-5-58)

ùp§V = (v1, · · · , vl)T§σ > 0"

½n 5.25 �X̃§Ṽ÷v¯K(5-5-57)�ÛÜ�`)���¿

©^�§K�3σ′ ≥ 0§¦�é∀σ > σ′§X̃´φ(X, Ṽ , σ)�î

�ÛÜ��:"

��§e�3X0´¯K(5-5-57)��1)§�éu,

�V 0§X0´φ(X, V 0, σ)�4�:§q÷v4�:���¿
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©^�§KX0´¯K(5-5-57)��`)"

Ïd§e���`¦fV ∗§���¿©��vÏfσ <

+∞§ÒUÏLφ(X, V ∗, σ)��¯K(5-5-57)��`)"

�´§�`¦fV ∗��¯c´���"¤±§��k�

¿©��σÚÐ©�OV 1§,�3S�L§¥§¦�V k →

V ∗"

�31kgS�§Lagrange¦f��O�V k§vÏf
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�σ§Xk�(5-5-58)��`)§K

∇φ(Xk, V k, σ) = ∇f(Xk)−
l∑

j=1

vkj∇hj(Xk)

+ σ

l∑
j=1

hj(X
k)∇hj(Xk).

= ∇f(Xk)−
l∑

j=1

(
vkj − σhj(Xk)

)
∇hj(Xk)

= 0.

(5-5-59)
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qÏ¯K(5-5-57)��`)X∗÷v

∇f(X∗)−
l∑

j=1

v∗j∇hj(X∗) = 0. (5-5-60)

¤±-

vk+1 = vk − σhj(Xk), j = 1, · · · , l. (5-5-61)

~ 5.26

min f(X) = 2x21 + x22 − 2x1x2

s.t.

h1(X) = x1 + x2 − 1 = 0.
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-σ = 2§v1 = 1"

) �Ä

φ(X, vk, σ) = 2x21 + x22 − 2x1x2 − vk(x1 + x2 − 1)

+
1

2
(x1 + x2 − 1)2.

´�§31kgS��§φ(X, vk, σ)��`)�

Xk =

(
vk + 2

6
,
vk + 2

4

)T
.

Ïd

vk+1 = vk − σh1(Xk)
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= vk − 2σ

(
vk + 2

6
+
vk + 2

4
− 1

)
=
vk

6
+

1

3
.

w,§�vk > 2
5�§v

k+1− vk < 0§¤±�k →∞�§vkÂ

ñ"

=§v∗ = 2
5§X

∗ = (25,
3
5)
T" y

�ÄØ�ª�å¯Kµ

min f(X)

s.t. (5-5-62)
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gj(X) ≥ 0, j = 1, · · · ,m.

ùp§f(X)§gj(X)´�gëY��¼ê"

Ú\Cþyj§j = 1, · · · ,m§¯K�C�µ

min f(X)

s.t. (5-5-63)

gj(X)− y2j = 0, j = 1, · · · ,m.

½ÂXeO2Lagrange¼êµ

φ(X, Y,W, σ) = f(X)−
m∑
j=1

wj
(
gj(X)− y2j

)
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+
σ

2

m∑
j=1

(
gj(X)− y2j

)2
. (5-5-64)

ùp§W = (w1, · · · , wm)T§Y = (y1, · · · , ym)T"

Ï�

φ(X,Y,W, σ)

= f(X) +
m∑
j=1

(
−wj

(
gj(X)− y2j

)
+
σ

2

(
gj(X)− y2j

)2)
= f(X) +

m∑
j=1

(
σ

2

(
y2j −

1

σ

(
σgj(X)− wj

))2

−
w2
j

2σ

)
.

(5-5-65)
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-

y2j =
1

σ
max {0, σgj(X)− wj} , j = 1, · · · ,m. (5-5-66)

K¯K(5-5-62)=z¤¦)e¡¯K

φ(X,W, σ) = f(X)+
1

2σ

m∑
j=1

((
max {0, wj − σgj(X)}

)2 − w2
j

)
.

(5-5-67)

éu���/µ

min f(X)

s.t. (5-5-68)
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gj(X) ≥ 0, j = 1, · · · ,m.

hj(X) = 0, j = 1, · · · , l.

½Â¦fv¼êXeµ

φ(X,W, V, σ)

= f(X) +
1

2σ

m∑
j=1

((
max {0, wj − σgj(X)}

)2 − w2
j

)
−

l∑
j=1

vjhj(X) +
σ

2

l∑
j=1

h2j(X). (5-5-69)
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ùp§

wk+1
j = max

{
0, wj − σgj(Xk)

}
;

vk+1
j = vkj − σhj(Xk).

(5-5-70)

¦f�{Xeµ

~ 5.27

min x21 + 2x22

s.t.

x1 + x2 ≥ 1.

ùp§σ = 2§w1 = 1"
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���{{{ 5.3¦f{
ÚÚÚ½½½ 1 �½Ð©:X0§¦f�þ�OW 1§V 1§ëêσ§Ø�ε >

0§~êα > 1§0 < β < 1§-k = 1"

ÚÚÚ½½½ 2 ¦)min φ(X,W k, V k, σ)§��Xk"

ÚÚÚ½½½ 3

if ‖h(Xk)‖ < ε then

ÊÅ, return Xk;

else if ‖h(Xk)‖
‖h(Xk−1)‖ ≥ β then

σ = α · σ;

end if

ÚÚÚ½½½ 4 ÏLúª(5-5-70)?�W kÚV k§-k = k + 1§=Ú½2"
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) ´�φ(X,wk, σ)��`)�

Xk =


2+wk

5

2+wk

10

�§

wk+1 =
2wk + 4

5
.

w,§�wk < 4
3�§w

k+1 − wk > 0§¤±wkÂñ"

Ïd§w∗ = 4
3§X

∗ = (23,
1
3)
T" y

5¿µσØU��§�ØU��"��/§¦f{`uv

¼ê{"
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öS 5.28

min x1 +
1

3
(x2 + 1)2

s.t.

x1 ≥ 0,

x2 ≥ 1.

) X∗ = (0, 1)T" y
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§ 5.6 RosenFFFÝÝÝÝÝÝKKK{{{

�Ä

min f(X) (5-6-71)

s.t.

AX ≥ b, (5-6-72)

CX = d. (5-6-73)

ùpA´m× nÝ
§C´l × nÝ
§b´m��þ§d´l�

�þ§f(X)ëY��"
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5.6.1 ÄÄÄ���ggg���

1960cdRosenJÑ§^u¦)�5�å���55y"

e�cS�:Xk�KFÝ��−∇f(Xk)Ø´�1��§Kò

ÙÝK�Xk�È4�å�{�þÜ¤�m���Ö�m¥§

=È4�å���þ§l¦Ù¤�eü�1��"
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Xk

−∇f(Xk)
−→n1

−→n2
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5.6.2 eeeüüü���111���������(((½½½

½Â 5.29 �P�n×nÝ
§eP = P T�P 2 = P§K¡P�

ÝKÝ
"

Ún 5.30 �P�ÝKÝ
§K

(1)P���½¶

(2)¿�^��I − P´ÝKÝ
¶

(3)é∀X ∈ Rn§����L«¤X = p + q§p ∈ L§q ∈

L⊥§ùp

L , {PX | X ∈ Rn}, (5-6-74)



1ÊÙ �å�`z�{
Zhangxiaowei@uestc.edu.cn 5.6. ROSENFÝÝK{ 420

L⊥ , {QX | X ∈ Rn}. (5-6-75)

½n 5.31 é∀X ∈ Rn§X
1
=PX + QX§¿¡PX�X 3f

�mLþ�ÝK§P�Rn�L�ÝKÝ
¶éuQ aq"

3�1:Xk?§òA§b©)�

A =

A′
A
′′

 , b =

b′
b
′′

 , (5-6-76)

¿�¦

A′Xk = b′ (5-6-77)
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A
′′
Xk > b

′′
. (5-6-78)

-

N =

A′
C

 . (5-6-79)

¿b�rank(N) = r"

½Â

N ,

(
nT1 nT2 · · · nTr

)T
. (5-6-80)
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�Ä

P = NT (NNT )−1N, (5-6-81)

Q = I − P (5-6-82)

½n 5.32 éu`z¯K(5-6-71)§|¢��P k�:Xk?�

�1���¿©7�^�´

A′P k ≥ 0; (5-6-83)

CP k = 0. (5-6-84)

½n 5.33 eP k = −Q∇f(Xk) 6= 0§KP k�:Xk?��1



1ÊÙ �å�`z�{
Zhangxiaowei@uestc.edu.cn 5.6. ROSENFÝÝK{ 423

eü��§ùpQ = I −NT (NNT )−1N"

y²

∇f(Xk)TP k = −
(
Q∇f(Xk)

)T(
Q∇f(Xk)

)
< 0; (5-6-85)

NP k = −N
(
I −NT (NNT )−1N

)
∇f(Xk) = 0. (5-6-86)

y

5.6.3 ������|||¢¢¢999ªªª���OOOKKK

��|¢µ

min
0≤t≤t

f(Xk + tP k). (5-6-87)
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Ï�

A′P k ≥ 0, CP k = 0. (5-6-88)

¤±�I

A′′(Xk + tP k) ≥ b′′. (5-6-89)

=

A′′Xk − b′′ + tA′′P k ≥ 0. (5-6-90)

-

A
′′
Xk − b′′ =u , (u1, u2, · · · , uθ)T . (5-6-91)

A
′′
P k =v , (v1, v2, · · · , vθ)T . (5-6-92)
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ùp§θ ≤ m"

Uìeª(½tµ

t =

 +∞, v ≥ 0;

min1≤i≤θ

{
− ui

vi
| vi < 0

}
, v � 0.

(5-6-93)

5.6.4 ���{{{

�P k = −Q∇f(Xk) 6= 0�§ÙÒ´�1eü��¶
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e�P k = 0�§k

Q∇f(Xk) =
(
I −NT (NNT )−1N

)
∇f(Xk)

= ∇f(Xk)−NT (NNT )−1N∇f(Xk)

= ∇f(Xk)−NTq

= 0.

(5-6-94)

ùp§q , (NNT )−1N∇f(Xk)"
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d�§

∇f(Xk) = NTq

=

A′
C


T y

z


= (A′)Ty + CTz.

(5-6-95)

�y ≥ 0�§Xk´KT:¶

ey � 0�§Ø�b�yi < 0§lN¥í�1i1�þ�

�N§¿-

Q = I −NT
(NN

T
)−1N. (5-6-96)
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N´y²Q�ÝKÝ
§ù�§

P
k

= −Q∇f(Xk) (5-6-97)

Ò´:Xk?���eü��"

qÏ�

P
k

= −Q∇f(Xk)

= −Q(A′)Ty −QCTz

= −Q(A′)Ty (5-6-98)

= −
∑
∀k

QnTk yk
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= −yiQnTi .

ùp§nkL«N�1k1"

¤±

nkP
k

= −yinkQnTi

=

 0, k 6= i;

−yi‖QnTi ‖2 ≥ 0, k = i.

(5-6-99)

lP
k
�:Xk?����1eü��"



1ÊÙ �å�`z�{
Zhangxiaowei@uestc.edu.cn 5.6. ROSENFÝÝK{ 430

���{{{ 5.4 RosenFÝÝK{
ÚÚÚ½½½ 1 À½X0§k = 0"

ÚÚÚ½½½ 2 -Nk = ((A′)T , CT )T"

ÚÚÚ½½½ 3 er > 0§O�Qk = I −NT
k (NkN

T
k )−1Nk"=Ú½(5)"

ÚÚÚ½½½ 4 er = 0§O�Qk = I"

ÚÚÚ½½½ 5 O�P k = −Qk∇f(Xk)"

ÚÚÚ½½½ 6 e‖P k‖ < ε§=Ú½(7)¶ÄK=Ú½(9)"

ÚÚÚ½½½ 7 er = 0§KXkÒ´�`)¶er 6= 0§O�q = (yT , zT )T"

ÚÚÚ½½½ 8 ey ≥ 0§KXk´�`)(KT :)¶ey � 0§�KNk¥�

A�1�þ"=Ú½(2)"

ÚÚÚ½½½ 9 ¦)min0≤t≤t f(Xk + tP k)§k = k + 1§=Ú½(2)"
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~ 5.34

min f(X) = x21 + x22 + 2x2 + 5

s.t.

x1 − 2x2 ≥ 0

xj ≥ 0, j = 1, 2.

(5-6-100)

Ð©:X1 = (2, 0)T"

)

g = ∇f(X) = (2x1, 2x2 + 2)T

1�gS�µ
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(1)¦P1

g1 = (4, 2)T ,

N1 = (0, 1),

M1 = (N1N
T
1 )−1 =

(
(0, 1)(0, 1)T

)−1
= 1,

Q1 = I −NT
1 M1N1 =

1 0

0 1

−
0

1

 · 1 · (0, 1) =

1 0

0 0

 ,

P1 = −Q1g1 = −

1 0

0 0

 (4, 2)T = (−4, 0)T ,

‖P1‖ 6= 0;
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(2)¦X2

A
′′

1 =

1 −2

1 0

 ,

b
′′

1 =

0

0

 ,

u = A
′′

1X1 − b
′′

1 =

1 −2

1 0


2

0

−
0

0

 =

2

2

 ,

v = A
′′

1P1 =

1 −2

1 0


−4

0

 =

−4

−4

 ,
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t1 = min{−uj
vj
|vj < 0} = min{− 2

−4
,− 2

−4
} =

1

2
,

¦

min
0≤t1≤t1

f(X1 + t1P1)

= min
0≤t1≤1

2

f

((
2 + t1(−4), 0 + t1(0)

)T )
= min

0≤t1≤1
2

(2− 4t1)
2 + 5

�

t∗1 =
1

2
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X2 = (0, 0)T

g2 = (0, 2)T

1�gS�µ

(1)¦P2

N2 =


1 −2

1 0

0 1

 , N2 =

1 −2

0 1

 , x1 ≥ 2x2, x2 ≥ 0,
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M2 = (N2N
T
2 )−1 =

 5 −2

−2 1


−1

=

1 2

2 5

 ,

Q2 = I −NT
2 M2N2

=

1 0

0 1

−
 1 0

−2 1


1 2

2 5


1 −2

0 1


=

0 0

0 0

 ,

P2 = −Q2g2 = (0, 0)T ,
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‖P2‖ = 0,

N2 6= ∅;

(2)?�P2

q = M2N2g2 =

1 2

2 5


1 −2

0 1


0

2

 =

0

2

 .

Ï�q > 0§¤±X2�KT:¶qÏ�¯K�à5y§Ïd

�`)X∗ = (0, 0)T" y
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8I¼êØ�½��§½vkwª)ÛL�ª§�éd

a¯K§<�JÑ
��|¢{(Direct Search)§T�{=

=|^�¯K�8I¼ê�§Ïdd�{k¡��ê�{

£Derivative− free¤"
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§ 6.1 ÚÚÚ���\\\���{{{

1961cdHookeÚJeevesJÑ§q¡���ª|¢{

£Pattern Search¤"�éÃ�å`z¯K

min
X∈Rn

f(X) (6-1-1)

6.1.1 ÄÄÄ���ggg���

Ú�\�{d&ÿ|¢Ú�ª£Ä|¤"&ÿ|¢´3Ñ

u:£ë�:¤�±�Ïé'§�Ð�:§l(½��k

|�c?��£Ä:¤"�ª£ÄK´lÄ:Ñu÷Xk|
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���?1\�§��#�ë�:"T�{Ò´�E&ÿ2

£Ä§l¦�S�:�4�:£Ä"

6.1.2 &&&¢¢¢555£££ÄÄÄ

�Ð©:X0 ∈ Rn§Ð©Ú�δ > 0§Â Ïfα(0.1 ∼

0.5)§\�Ïfβ(1 ∼ 2)§-

ek , (0, · · · , 0, 1k, 0, · · · , 0)T , k = 1 ∼ n. (6-1-2)

w,ek, k = 1 ∼ n´n�p������"

y3^YL«ë�:§ZL«Ä:"
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-Y 1 = X0§Z1 = Z0 = X0§±Y 1�ë�:§-Lk ,

Y k − δek§Uk , Y k + δek§K÷n���?1Xe&ÿ

Y k+1 =


Y k + δek, f(Uk) < f(Y k);

Y k − δek, f(Lk) < f(Y k) ≤ f(Uk);

Y k, f(Lk) ≥ f(Y k) ≤ f(Uk);

(6-1-3)

ef(Y 1) ≥ f(Z1)§δ = αδ§lY 1m©§#ÏéÄ:"

ef(Y 1) < f(Z1)§K-#�Ä:�Y n+1§ù���Ä÷

��Z1 − Y 1?1|¢§±Ï"U
���Ð�eü§=

Y 1 = Z1 + β(Z1 − Y 1) = 2Z1 − Y 1(β = 1). (6-1-4)
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6.1.3 Hooke-JeevesÚÚÚ���\\\���{{{

��{6.1"
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���{{{ 6.1 Hooke− JeevesÚ�\�{
ÚÚÚ½½½ 1 À½Y 1 = X0§Z1 = Z0 = X0§Lk , Y k − δek§Uk ,

Y k + δek§k = 1"

ÚÚÚ½½½ 2 ef(Uk) < f(Y k)§K-Y k+1 = Y k + δek§=Ú½(3)¶Ä

Kef(Lk) < f(Y k)§K-Y k+1 = Y k − δek§=Ú½(3)¶ef(Lk) ≥
f(Y k)§K-Y k+1 = Y k§=Ú½(3)"

ÚÚÚ½½½ 3 ek < n§K-k = k + 1§=Ú½(2)¶ÄKk =

n§ef(Y n+1) < f(Z1)§K-Z1 = Y n+1§=Ú½(5)¶ÄK

ef(Y n+1) ≥ f(Z1)§Z0 = Z1§2eδ ≤ ε§KÊ�§X∗ = Z1¶

ÄK-δ = αδ§Y 1 = Z1§k = 1§=Ú½(2)"

ÚÚÚ½½½ 4 ef(Y n+1) ≥ f(Z1)§Z0 6= Z1§K-Y 1 = Z1§Z0 =

Z1§k = 1§=Ú½(2)"

ÚÚÚ½½½ 5 -Y 1 = 2Z1 − Y 1§k = 1§=Ú½(2)"
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§ 6.2 Powell������\\\���{{{

1964cdPowellJÑ§ïÄäké¡�½��g¼ê

f(X) =
1

2
XTQX + bTX + c, (6-2-5)

ÙÄ�g�´3Ø^�ê��¹e§3S�¥æ^°(��

|¢�^�eÅÚ�EQ�Ý��"

6.2.1 ÄÄÄ������{{{

��{6.2"
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���{{{ 6.2 Powell�{
ÚÚÚ½½½ 1 À½X0§�P i = ei+1§i = 0 ∼ n− 1"

ÚÚÚ½½½ 2 é∀i = 0 ∼ n − 1§�gé8I¼ê���|¢min f(X i +

λP i)"

ÚÚÚ½½½ 3 é∀i = 0 ∼ n− 2§�P i = P i+1§P n−1 = Xn −X0"

ÚÚÚ½½½ 4 ���|¢min f(Xn + λP n−1)"

ÚÚÚ½½½ 5 e‖Xn+1 −X0‖ < ε§KXn+1Ò´�`)§ÊÅ"ÄK=Ú

½(6)"

ÚÚÚ½½½ 6 �X0 = Xn+1"=Ú½(2)"
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X0 X0
1

X0
2

X1

X∗

e1

e2

P 1

X1
1

e2

X1
2

P 1

P 2
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X1

X∗

e1

e2

P 1

X1
1

e2

X1
2

P 1

P 2
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ÏdnØþéu�½�g¼êPowell{�õgnS�Ò¬

¦��`)§�´���{ü�O�U��¤���n���

´�5�'�§ÏØU�¤��5�m§¤���4�:

�U´,��ê�un��56/þ�4�:§l���{

��"

½Â 6.1 (���555666///) �V´�þ�m§L ⊆ V§L 6= ∅§

e∃v ∈ V§¦�

L+ v = {l + v | l ∈ L} (6-2-6)
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´V�f�m§@oL´���56/§¿�dim(L) =

dim(L+ v)"edim(L) = dim(V )− 1§KL��²¡"

~ 6.2

min f(X) = (x1 − x2 + x3)
2 + (−x1 + x2 + x3)

2 + (x1 + x2 − x3)2

ùp§X0 = (12, 1,
1
2)
T"

) e1 = (1, 0, 0)T

X1 = (12, 1,
1
2)
T

e2 = (0, 1, 0)T

X2 = (12,
1
3,

1
2)
T
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e3 = (0, 0, 1)T

X3 = (12,
1
3,

5
18)

T

P 4 = X3 −X0 = (0,−2
3,−

2
9)
T

Ïd3���S�¥§[��Ø¬Âñ�¯K��`)X∗ =

(0, 0, 0)T§  ���ê�u3��56/þ�4�:" y

�Ïµe2§e3§P 4�5�'"

?nµln+ 1���¥ÀÑ�Ð�n���"
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6.2.2 ���ÝÝÝ§§§ÝÝÝ������OOO

�Ä

∆ = |P 1 × P 2| = |det(P 1, P 2)|, (6-2-7)

∆ = |(P 1 × P 2) · P 3| = |det(P 1, P 2, P 3)|. (6-2-8)

½Â 6.3 �P 1§· · ·§P n´Rn�m�n��þ§eÙ¥k"

�þ§K½ÂÙ��§Ý∆�0¶ÄK§½Â�

∆ =

∣∣∣∣det( P 1

‖P 1‖
, · · · , P n

‖P n‖
)

∣∣∣∣
=
|det(P 1, · · · , P n)|∏n

i=1 ‖P i‖

(6-2-9)
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ù�ïþP 1§· · ·§P n���¤Ñ´Ün�§Ï�

½n 6.4 �P 1§· · ·§P n´Rn�m�n��þ§KÙ��§

Ý

∆(P 1, · · · , P n) ≤ 1. (6-2-10)

y² -B = (P 1, · · · , P n)§w,�P i�5�'�§det(B) =

0§¤±∆ = 0"

�P i�5Ã'�§Ø�b�

‖P i‖ = 1, i = 1 ∼ n. (6-2-11)
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Ï�

A = BTB = ((P i)TP j)n×n =


(P 1)TP 1 · · · (P 1)TP n

... ... ...

(P n)TP 1 · · · (P n)TP n

 ,

(6-2-12)

¤±

det2(B) = det(A). (6-2-13)
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�A�A���λ1§· · ·§λn§Ïd

det(A) =
n∏
i=1

λi, (6-2-14)

trace(A) =
n∑
i=1

λi = n. (6-2-15)

¤± (
n∏
i=1

λi

) 1
n

≤ 1

n

n∑
i=1

λi. (6-2-16)

��=�λi = λj�þª�Ò¤á"Ï

det2(B) = det(A) ≤ 1. (6-2-17)
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=

∆ = ∆(B) ≤ 1. (6-2-18)

��=�P i����þª�Ò¤á" y

�XeC�

P i =
√
Qdi, i = 1 · · · , n. (6-2-19)

KP 1, · · · , P n���§ÝÒ�N
d1, · · · , dn�'uQ�Ý§

Ý"

½Â 6.5 �Q´n × n��½Ý
§d1§· · ·§dn´Rn�m

�n��þ§eÙ¥k"�þ§K½ÂÙ'uQ�Ý§
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Ý∆�0¶ÄK§½Â�

∆ =
|det(
√
Q)| · |det(P 1, · · · , P n)|∏n
i=1

√
(P i)TQP i

. (6-2-20)

6.2.3 PowellUUU???���{{{
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?zO�´�«�[g,.)Ô?zL§�Å�?1

¯K¦)�g|�!g·A��Å|¢Eâ"§±��©

£Darwin¤?zØ�/Ô¾UJ!·ö)�0���{�?

z5K§¿(Ü���£Mendel¤�¢DCÉnØ§ò)Ô

?zL§¥���£Reproduction¤!CÉ£Mutation¤!

¿�£Competition¤!ÀJ£Selection¤Ú\�
�{¥"

§ 7.1 )))ÔÔÔÆÆÆÄÄÄ:::

g,.)Ô?zL§´?zO��)ÔÆÄ:§§Ì��
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ã 7.1 � � ©(1809-1882)§ = I < § ? z Ø � I " � �

�(1822)1884)§c/|<§¢DÆ�CÄ<"
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)¢D(Heredity)!CÉ(Mutation)!?z(Evolution)nØ"

?znØµ

?z´�3)ÔòY)�L§¥§Åì·AÙ)��¸§

¦�Ù¬�Øä��Uû�ù«)·y�"¢DÚCÉ´)

Ô?z�ü«Ä�y�§`���!·ö)�´)Ô?z�

Ä�5Æ"
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��©�g,ÀJÆ`@�µ3)Ô?z¥§�«ÄÏ

k�Uu)CÉ�)Ñ,�«#�)ÔÄÏ"ù«#ÄÏ

ò�âÙ�)��¸�·A5û½ÙO�Uå"���¹

e§·A5r�ÄÏ¬ØäOõ§·A5��ÄÏK¬Å

ì~�"ÏLù«g,ÀJ§Ô«òÅì�·Au)��¸

���?z§$�¬üC¤�,��#�Ô«§@
Ø·



1ÔÙ ?zO�
Zhangxiaowei@uestc.edu.cn 7.1. )ÔÆÄ: 463

Au�¸�Ô«ò¬Åì�=�"

3g,.§�¤)ÔÄ�(��õU�ü ´[�
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£Cell¤"[�¥¹k�«�¹X¤k¢D&E�E,

q���jGzÜÔ§<�¡Ù�/ÚN£Chromosome¤"

3/ÚN¥§¢D&EdÄÏ£Gene¤¤|¤§ÄÏû½

X)Ô�5G§´¢D�Ä�ü "/ÚN�/G´�

«VÚ^(�§�¤/ÚN�Ì�Ô���ø�Ø0Ø

�(DNA)§z�ÄÏÑ3DNA�ó¥Ók�½� �"��

[�¥�¤k/ÚN¤���¢D&E��N¡���ÄÏ

|(Genome)"[�3©�L§¥§Ù¢DÔ�DNAÏLE�

=£�#)[�¥§l¢y
)Ô�¢DõU"
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7.1.1 ¢¢¢DDDnnnØØØ

¢D´�I�£½��¤|^¢DÄÏòg��ÄÏ&E

D4�e��£½f�)§¦f�U
U«ÙI��A�½5

G�ù«)·y�"�´du¢D��^§g,.âUk

½�Ô«"

7.1.2 CCCÉÉÉnnnØØØ

CÉ´�f�ÚI��m§±9f����ØÓ�N�m

�)�É�y�"CÉ´)Ô?zL§¥u)��«�Åy

�§´�«Ø�_L§§3)Ôõ�5�¡äkØ�O��
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ã 7.2 /«���§«Î�Î0§/9)9§Â)Â§Pà)��

/É0
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�^"ÚåCÉ�Ì��Ïk±eü«µ

,�: �k5)�)Ô3��e���ü�Ó/ÚN�

m���|§=ü�/ÚN3,��Ó?�DNA��ä�

2?1��|§/¤ü�#�/ÚN"

E���: �3[�E�L§¥ÏDNAþ,
ÄÏ(��

�ÅUC�)Ñ#�/ÚN"

§ 7.2 ÄÄÄ���VVVggg

20V50c��Ï§�
)ÔÆ[3ïÄXÛ^O�Å

�[)Ô¢DXÚ¥§�)
¢D�{�Ä�g�§¿

u1962cd{I��S£Michigan¤�Æ¿=�£Holland¤
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ã 7.3 /9)Êf§ÊfÊ�0
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ã 7.4 /Prof. Holland§¢D�{JÑö"0

JÑ"

¢D�{�Ä�g�´lÐ©«+Ñu§æ^`���!

·ö)��g,{KÀJ�N§¿ÏL,�!CÉ5�)#

��«+§XdÅ�?z§��÷v8I��"

¢D�{¤�9��Ä�VgÌ�k±eA�µ
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«+£Population¤µ«+´�^¢D�{¦)¯K�§

Ð©�½�õ�)�8Ü"¢D�{�¦)L§´lù�f

8m©�"

�N£Individual¤µ�N´�«+¥�ü���§§Ï~

d��^u£ãÙÄ�¢D(��êâ(�5L«"~X§

�±^0!1|¤��Ý�l�G5L«�N"

/ÚN£Chromos¤µ/ÚN´�é�N?1?è�¤�

��?èG"/ÚN¥�z1 ¡�ÄÏ§/ÚNþdeZ�

ÄÏ�¤���k�&Eã¡�ÄÏ|"
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·AÝ£Fitness¤¼êµ·AÝ¼ê´�«^5é«+¥

���N��¸·A5?1Ýþ�¼ê"Ù¼ê�´¢D�

{¢y`����Ì��â"

¢Dö�£Genetic Operator¤:¢Dö�´��^u«+

�)#�«+�ö�"IO�¢Dö��)±en«

Ä�/ªµÀJ£Selection¤!��£Crosssover¤!CÉ

£Mutation¤"

§ 7.3 ¢¢¢DDD���{{{

¢D�{Ì�d/ÚN?è!Ð©«+�½!·AÝ¼

ê�½!¢Dö��O�A�Ü©¤|¤§Ù�{Ì�S
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NÚÄ�Ú½�£ãXeµe^X(t)L«1t�«+§KI

OGA�S�L§��{7.1©

���{{{ 7.1¢D�{
ÚÚÚ½½½ 1 (Ð©z)(½ÀJVÇPs§«+5�Popsize§��V

ÇPc§CÉVÇPmÚª��K§-t = 0§�Å�)Ð©«+X(t)©

ÚÚÚ½½½ 2 (�Nµd)O�½�dX(t)¥�N�·AÝ©

ÚÚÚ½½½ 3 (ÀJ)l�c«+X(t)¥À�1N©

ÚÚÚ½½½ 4 (��)Õá/é¤À1N¢�,�)¤�¥m�N©

ÚÚÚ½½½ 5 (CÉ)Õá/é¥m�N?1CÉ���ÿÀ�N©

ÚÚÚ½½½ 6 (ÀJ)lÿÀ�N¥�·AÝp$ÀÑ��N|¤e��#

«+X(t+ 1)©

ÚÚÚ½½½ 7 (ª�u�)e÷vª��K§KÊ�¶ÄK¿�£Ú½2©
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7.3.1 ¢¢¢DDD???èèè

~^�¢D?è�{k�?�è!�Xè£Gray

Code¤!¢ê?èÚiÎ?è�"

�?�?è£Binary encoding¤

�?�?è´ò�¯K�(�C��/ÚN� G(�"

3�?�?è¥§Äk�(½�?�iÎG��Ýl§T�Ý

�Cþ�½Â�Ú¤¦¯K�O�°Ýk'"

~ 7.1 b�Cþx�½Â��[5§10]§�¦�O�°Ý

�10E-5§KI�ò[5§10]��©�600000����«m§

z��«m^���?�GL«"u´§G����u20§
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�Ï´µ524288=219¡600000¡220=1048576 ù�§éAu«

m[5§10]S÷v°Ý�¦�z��x§Ñ�^��20 ?è

��?�G¡b19,b18,,,b0¿5L«"�?�?è�3�Ì�

":´Ç²£Hamming¤]á"~X§7Ú8��?�ê©

O�0111Ú1000§��{l7U?�8�§Ò7LUC¤k�

 "

7.3.2 ···AAAÝÝÝ¼¼¼êêê

·AÝ¼ê´��^ué�N�·A5?1Ýþ�¼ê"

Ï~§���N�·AÝ���§§�¢D�e��«+¥

�VÇ�Ò��"
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IO·AÝ¼ê3¢D�{¥§���¦·AÝ¼ê�

K§¿Ù·AÝ����Ð"ùÒ  I�é�©·A¼ê

?1,«C�§òÙ=��IO�Ýþ�ª§±÷v?zö

���¦§ù�¤���·AÝ¼ê�¡�IO·AÝ¼

êfNormal(x)"

7.3.3 ÓÓÓ���ÙÙÙÀÀÀJJJ

Ó�ÙÀJ{q�¡�=�ÙÀJ{½Ó�ÀJ{"3ù

«�{¥§�N�À¥�VÇ�ûuT�N��é·AÝ"
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7.3.4 ������ööö���

��£Crossover¤ö�´�Uì,«�ªéÀJ�I��

N�/ÚN�Ü©ÄÏ?1��|§l/¤#��N"

ü:��

ü:���¡{ü��§§´k3ü�I��N�?è

G¥�Å�½����:§,�éùü�I��N��:c

¡½�¡Ü©�ÄÏ?1��§¿)¤f�¥�ü�#��

N"

~ 7.2 �kü�I���NGA = 0 0 1 1 0 1 ÚB =

1 1 0 0 1 0 §e�Å��:�4§K���)¤�ü�#��
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N´µA. = 0 0 1 1 1 0 B. = 1 1 0 0 0 1

7.3.5 CCCÉÉÉööö���

CÉ£Mutation¤´�éÀ¥�N�/ÚN¥�,
ÄÏ

?1CÄ§±/¤#��N"

�?�CÉ

��N�/ÚNæ^�?�?èL«�§ÙCÉö�A

æ^�?�CÉ�{"TCÉ�{´k�Å/�)��CÉ

 §,�òTCÉ �þ�ÄÏ�d/00C�/10§½d

/10C�/00§�)��#��N"
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~ 7.3 �CÉc��N�A = 0 0 1 1 0 1§e�Å�)�C

É �´2§KT�N�12 d/00C�/10"CÉ��

#��N´A. = 0 1 1 1 0 1 "

§ 7.4 ¢¢¢DDD���{{{AAA^̂̂{{{~~~

~ 7.4 ^¢D�{¦¼êf(x) = x2����§Ù

¥x�[0§31]m��ê"

) (1) ?è

du�½Â�´«m[0§31]þ��ê§d5 �?�ê

=��ÜL«"Ïd§�æ^�?�?è�{§Ù?è
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G��Ý�5"~X§^�?�G000005L«=0,111115L

«=31�"Ù¥�0Ú1�ÄÏ�"

(2) )¤Ð©«+

eb��½�«+5�=4§K�^4��Å)¤��Ý

�5��?�G��Ð©«+"2b��Å)¤�Ð©«+

£=10�«+¤�µS01=0 1 1 0 1 S02=1 1 0 0 1 S03=0 1 0

0 0 S04=1 0 0 1 0

(3) O�·AÝ

�O��N�·AÝ§ÄkAT½Â·AÝ¼ê"du�

~´¦����§Ïd���^5��·AÝ¼ê"=µ
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Ù¥��?�GSéAXCþ��"�âd¼ê§Ð©«

+¥���N�·A�9Ù¤Ó'~XL5-5¤«"L1 Ð©

«+�¹L?Ò�NG£/ÚN¤·A�z©'S01 0 1 1 0 1

13 169 14.44 14.44 1 S02 1 1 0 0 1 25 625 52.88 67.18 2 S03 0

1 0 0 0 8 64 5.41 72.59 0 S04 1 0 0 1 0 18 324 27.41 100 1 �±

wÑ§34��N¥S03�·A���§´�c�Z�N"

(4) ÀJö�

b�æ^Ó�Ù�ªÀJ�N§��g)¤�4��Åê

£��uÓ�þ��¤��ê¤�0.85!0.32!0.12Ú0.46§

²ÀJ����#�«+�µS01=1 0 0 1 0 S02=1 1 0 0 1
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S03=0 1 1 0 1 S04=1 1 0 0 1 Ù¥§/ÚN1 1 0 0 13«+¥

Ñy
2g§�/ÚN0 1 0 0 0KÏ·A����=�"

(5) ��

b���VÇPi�50%§K«+¥�k1/2�/ÚNë�

��"e5½«+¥�/ÚNU^Süü�é��§�

kS01�S02��§S03�S04Ø��§K���¹XL5-6¤

«"L2 Ð©«+����¹L?Ò�NG£/ÚN¤��

é��� f�·A�S01 1 0 0 1 0 S02 3 1 0 0 0 1 289 S02 1

1 0 0 1 S01 3 1 1 0 1 0 676 S03 0 1 1 0 1 S04 N 0 1 1 0 1 169

S04 1 1 0 0 1 S03 N 1 1 0 0 1 625
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��§²������#�«+�µS01=1 0 0 0 1 S02=1

1 0 1 0 S03=0 1 1 0 1 S04=1 1 0 0 1

(6) CÉ

CÉVÇPm��Ñé�§b��gÌ�¥vku)C

É§KCÉc�«+=�?z�¤���11�«+"

=µS11=1 0 0 0 1 S12=1 1 0 1 0 S13=0 1 1 0 1 S14=1 1 0 0

1 ,�§é11�«+Eþã(4)-(6)�ö�"

é11�«+§Ó�Eþã(4)-(6)�ö�"ÙÀJ�¹X

L5-7¤«"L3 11�«+�ÀJ�¹L?Ò�NG£/Ú

N¤·A�z©'S11 1 0 0 0 1 27 289 16.43 16.437 1 S12 1
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1 0 1 0 26 676 38.43 54.86 2 S13 0 1 1 0 1 13 169 9.61 64.47 0

S14 1 1 0 0 1 25 625 35.53 100 1 Ù¥eb�UÓ�ÙÀJ�

�g)¤�4��Åê�0.14!0.51!0.24Ú0.82§²ÀJ��

��#�«+�µS11=1 0 0 0 1 S12=1 1 0 1 0 S13=1 1 0 1 0

S14=1 1 0 0 1 �±wÑ§/ÚN1 1 0 1 0�ÀJ
2g§�

/ÚN0 1 1 0 1KÏ·A����=�"

é11�«+§Ù���¹XL5-8¤«"L5-8 11�«+

����¹L?Ò�NG£/ÚN¤��é��� f�·

A�S11 1 0 0 0 1 S12 3 1 0 0 1 0 324 S12 1 1 0 1 0 S11 3 1 1

0 0 1 625 S13 1 1 0 1 0 S14 2 1 1 0 0 1 625 S14 1 1 0 0 1 S13
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2 1 1 0 1 0 675 ��§²,�����#�«+�µS11=1 0

0 1 0 S12=1 1 0 0 1 S13=1 1 0 0 1 S14=1 1 0 1 0 �±wÑ§

13 ÄÏþ�0§®²Ø�UÏL�����`)"ù«L

@�\ÛÜ�`)�y�¡�@Ù"�)ûù�¯K§I�

æ^CÉö�"

é11�«+§ÙCÉ�¹XL5-9¤«"L5-9 11�«+

�CÉ�¹L

?Ò�NG£/ÚN¤´ÄCÉCÉ f�·A�S11 1 0

0 1 0 N 1 0 0 1 0 324 S12 1 1 0 0 1 N 1 1 0 0 1 625 S13 1 1

0 0 1 N 1 1 0 0 1 625 S14 1 1 0 1 0 Y 3 1 1 1 1 0 900 §´Ï



1ÔÙ ?zO�
Zhangxiaowei@uestc.edu.cn 7.4. ¢D�{A^{~ 485

LéS14�13 �CÉ5¢y�"CÉ�¤���12�«+

�µS21=1 0 0 1 0 S22=1 1 0 0 1 S23=1 1 0 0 1 S24=1 1 1 1 0

é12�«+§Ó�Eþã(4)-(6)�ö�"ÙÀJ�¹X

L5-10¤«"L5-10 12�«+�ÀJ�¹L?Ò�NG£/

ÚN¤·A�z©'S21 1 0 0 1 0 18 324 23.92 23.92 1 S22 1

1 0 0 1 25 625 22.12 46.04 1 S23 1 1 0 0 1 25 625 22.12 68.16 1

S24 1 1 1 1 0 30 900 31.84 100 1 Ù¥eb�UÓ�ÙÀJ�

�g)¤�4��Åê�0.42!0.15!0.59Ú0.91§²ÀJ��

��#�«+�µS21=1 1 0 0 1 S22=1 0 0 1 0 S23=1 1 0 0 1

S24=1 1 1 1 0
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é12�«+§Ù���¹XL5-11¤«"?Ò�NG£/

ÚN¤��é��� f�·A�S21 1 1 0 0 1 S22 3 1 1 0 1

0 676 S22 1 0 0 1 0 S21 3 1 0 0 0 1 289 S23 1 1 0 0 1 S24 4 1 1

0 0 0 576 S24 1 1 1 1 0 S23 4 1 1 1 1 1 961 ù�§¼ê���

�®²Ñy§ÙéA�/ÚN�1 1 1 1 1§²)è���¯K

��`)´3:=31?"¦)L§(å"

§ 7.5 ���[[[òòò»»»

1982c§Kirkpatrick�ò7á9\ó¥�ò»ó²�g

�A^u|Ü`z¥§JÑ
�«#�|¢Eâµ�[ò

»(Simulated Annealing§SA)�{©�[ò»æ^Metropolis
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�ÉOK§¿¦^�|¡�e%?ÝL�ëê���{?

§§¦�{3õ�ª�mS�Ñ��Cq�`)©

T�{�)ü«$�µ(1) �cG��Cz¶(2) Cz��

ÉÚ�ï©�[ò»�{�g�´#N±�½�VÇlyk

)£Ä������)§±ÏU
aÑÛÜ��©ù«£Ä

�#NVÇ�X|¢�?1Åì~�©

�{7.2¥§gen(Tt, t)Úgen(Lt, t)©OL«1tgS�§Ý

��!)¤gê�¼êu)ì©�{l��Ð©)m©§T

Ð©)�±´�Å�)�§��±´Uì,«éuª�{�

)�©Ó�Ð©z§Ýëê©,�§3z�gÀ�¥§l�
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���{{{ 7.2�[ò»�{
ÚÚÚ½½½ 1 À½��Ð©)x1§Ð©§ÝT1§L1§t = 1©

ÚÚÚ½½½ 2

for k = 1 to Lt do

l+�N(xi)¥�ÅÀ�xj

if f(xj) < f(xi) then

xi = xj

else if exp
(
f(xi)−f(xj)

T

)
> rand(0, 1) then

xi = xj

end if

end for

ÚÚÚ½½½ 3 Tt+1 = gen(Tt, t)§Lt+1 = gen(Tt, t)§t = t + 1¶e÷vª

�^�§KÊ�O�¶ÄK§=Ú½2©
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�¥�Å/Ä���)xj§,��âf(xi)§f(xj)§±9T5

û½vÄ�Éù�)©XJf(xj) < f(xi)§K^xjO�xi§Ä

K±Å�[ù(Boltzmann)VÇ©Ù�Éxj©

§ 7.6 ¬¬¬+++���{{{

¬+�{(Ant Colony Optimization§ACO)d¿�|Æ

öDorigo�<JÑ©Ù¿©|^
¬+|¢ Ô�L§�

Í¶�À1û¯K(Traveling Salesman Problem§TSP)�m

��q5§ÏL<ó�[é¬|¢ Ô�L§§=ÏL�N

�m�&E�6��p���ªé�l¬Ç� Ô��á

´»5¦)TSP©é¬ù«�¬5ÄÔ§�,�N1�9Ù
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{ü§�´dù
{ü�N¤|¤�+N%LyÑ9ÙE,

�1�A�©ù´Ï�é¬3Ïé Ô�§U3Ù²L�´

»þº��«��&E��Ô�§¦��½��S�Ù¦é

¬U
aú�ù«Ô�§���u�XTÔ�rÝp���

£Ä©¬+�8N1�Ly��«��"y�©

ACO�{ÏL�+é¬3TSPÿÀã¥�1r5�ÓÏ¦

¯K�)©3z�gÀ�L§¥§z�é¬�â´»þ�&

E�©Ù�¹§�Å/ÀJe���QrL�¢½?1�

¯§���¤éu¤k¢½��¯§/¤¯K���)©ä

N5`§31tgÀ�¥§1k�é¬31i�¢½ÀJe��
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¢½j�=£5K�µ

j =

 argmaxl∈Nk
i
{τi,l(t) · ηβi,l(t)}, XJrand(0, 1) < P ;

J, ÄK.

(7-6-1)

Ù¥§τi,j´©Ù3´»i → jþ�&E�§ηi,j´T´»þ

�ÛÜéuª�§�����T´»�Ý��ê§=η =

1
di,j
§P�0 ≤ P ≤ 1�ëê§Nk

iL«é¬k��QrL�¢½

8Ü©J ∈ Nk
i´Uìe¡�VÇúª¤ÀJ����Å¢

½µ

pki,j(t) =
τi,j(t) · ηβi,j(t)∑
l∈Nk

i
τi,l(t) · ηβi,l(t)

. (7-6-2)
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31tgS�¥©z�é¬3l1i�¢½=£�e��¢

½j§3¤²L�´»þ?1ÛÜ&E��#§Ù�#5KX

eµ

τi,j(t+ 1) = (1− ρ)τi,j(t) + ρ(
1

LGbest
),∀(i, j) ∈ TGbest. (7-6-3)

þª¥§TGbestL«�c�`´»§LGbestL«TGbest�o´§

�Ý©3¤k�é¬�¤�gS�L§�§ACO�{O�

¤k�gS�¤�)��þ§¿ò�gS��`)��Û

{¤�`)XGbest?1'�§�üö�m��`)��#
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�XGbest©��?1&E���Û�#§�#5K�µ

τi,j(t+ 1) = (1− ρ)τi,j(t) + ρτ0. (7-6-4)

ÏLù«�{§S�L§ò�k�é5�3yk�`)�Ä

:þ&¢�Ð�)©�{6§��{7.3©

§ 7.7 âââfff+++`̀̀zzz

âf+`z(particle Swarm Optimization§PSO)�{�Ð

´dKennedyÚEberhartu1995cÉ<ó)·ïÄ(Jéu§

3�[j+� L§¥�[âÚ+81��JÑ��«Äu

+N�U�üzO�Eâ©Ùg�5uéj+�1�ïÄ
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���{{{ 7.3¬+�{
ÚÚÚ½½½ 1 Ð©z©

ÚÚÚ½½½ 2

while ª�^��÷v do©

�ÅÀ�z��é¬�Ð©¢½©

for i = 1 to n do

éuz��é¬§U^G�=£5K§�ÅÀ�e��¢

½©

ÛÜ&E��#©

end for

ÛÜ|¢{©

�Û&E��#©

end while

ÚÚÚ½½½ 3 ÑÑ�`)©
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uyµj==´Jl§k�êþ��Ø§��ª��N(J

´��j+Ð�3��¥%����e§=E,��Û1�

´d{ü5K��p�^Úå�©ØÓu��©“·ö)�§

`���”?zg�§âf+`z�{´ÏL�N�m���

5Ïé�`)�©)ÔÆ[Wilson'u)ÔNQ²`Lù�

�ã{µ“��3nØþ§��)Ô+N¥��
�±lù�

+N¥¤kÙ§¤
± 3éÏ ÔL§¥È\�²�Úu

y¥¼�Ð?©�� ÔØ�ý�/©ÙuØÓ/�§ù

«���5�`³�UC¤û½5�§�L+N¥�N�m

é Ô¿��5��³”©ùã{�¿g´`)Ô+N¥&
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E��¬�)?z`³§ù��´âf+`z�{�Ä�g

�©

�
UõÄ�PSO�{´uÑ�":§EberhartÚShiJÑ
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���{{{ 7.4âf+`z�{
ÚÚÚ½½½ 1 Ð©z«+P§�ÝV§@�Xêc1§�¬Xêc2§.5
�w©-t = 0©
ÚÚÚ½½½ 2 O�z��âfXi ∈ P (t)�·A�§²{�` �Pi(t)§
«+�Û�` �G(t)©
ÚÚÚ½½½ 3 �#z��âfXi ∈ P (t)��ÝVi(t)Ú �Xi(t+ 1)µ
for Xi(t) ∈ P (t) do

for j = 1 to n do

Vi,j(t+ 1) = w ·Xi,j(t)

+ c1 · rand(0, 1) · (Pi,j(t)−Xi,j(t))

+ c2 · rand(0, 1) · (Gj(t)−Xi,j(t))

Xi(t+ 1) = Xi(t) + Vi(t+ 1).

end for
end for
ÚÚÚ½½½ 4 ª�^�´Ä÷vºe´§ÊÅ¶ÄK§t = t + 1§=Ú
½2©
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