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8.1 REMRNDL=E
811 FREBRE

Figure 8.1.1 A two-region problem can be solved with a surface
integral equation.

X151 -
(V2 +k2) ¢1(r) = Q(r), (8.1.1)

(V2 + k) gi(r, 1) = =6(r - 1), (8.1.3)



f dV [g1(r, r") V¢ (r) — ¢1(r) Vigi (r, "))

Vi

- [V (e r)QE) +6w), ¥ EVi (5.15)

Vi

_ / dS 7 - [gi(r,r') Ve (r) — 61 (r) Vs (r,1')]

S+S”Lf
= -Qbinc(r,) + ¢1(r,)’ r' € Vi (816)

¢muw=—/QVmum%xﬂ, (8.1.7)

Vi
To 2 B A8 PR R 2 -

otk r—r'|

N —
gi(r,r') = pper—l (8.1.8)
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(JEJS [G r,r V’(D(r’)—(p( )V G(r r :|_dS,
~S+S;¢ \
FREINE/REXR Kirchhoff) AR
. 1, exp(- ij)_ _— |
V'G(r,r)=R(jk+ )= =~ =R(jk+-)G(rr)
EXIE R 8 A F

JA KEEREF, R"nAB
ﬁﬁﬁf,}?gﬁ BAEEr SHEKER

LIE%Huygens—FresneI}—IEE’\J%'&%‘%J?SEQO
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MR Row ds’ = RR2dQ V' ¢(r')=R p

(P(r)zlimi R(ago(r')-ji“l’(r'))dﬂeij—lim%gfjj.)go(r')dQeij

Ro 47t ¢ OR

RALFTIAH EXRBRELZERAr fESINEN, EERLAT. &
N BRI WA B IR S T mia A B aE XxmAER Z{EYE. Bl:

lim ¢(r)=0

—o0

Iimr[a(p(r)-jkq)(r)ij
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Figure 8.1.2 The illustration of the extinction theorem.

$1(r) = bine(r) — /dS' A [gi(r, ) Vg (1) — 1 () Vigi(r,X)], T eV

S
£ rev, 2 (8.1.9)
25 o | = ) [ 455 L0, )V05) ~ () V5,0



[Xim2: Oy

(V2 + k2) ¢o(r) = 0. (8.1.2)

(V2 + k3) go(r,r') = =6(r — 1'). (8.1.4)
T | e ________ .\ _
ii 2 :;ji §2(r) } = /dS’ A [g2(r, 1) Vha(r) — ¢2(r) V'ga(r, r')]

J | © (8.1.12a)

B /dS’ 7 [92(r I")V’qb-z(l‘,) o ¢52(r,)v192(r: I‘,)]; r e Vl'
(8.1.12b)

(r), res, (8.1.13a)
- {
pin - Vaoi(r) = pann - Voo(r ) r cS. (8.1.13b)

TR R 25 \%lsziEHi“z(S) (4) BDRT, BEIRFEIN BASHR R .
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8.1.2 REKIO=E

V xV x Eir) - e By (r) = iwu J(r). (8.1.14)
V x V x Ey(r) — w?psesEq(r) = 0. (8.1.15)
V xVxGi(r,r) —w?ueGi(r,r) = 16(r — '), (8.1.16)
V x V x Gy(r,r') — wlpe;Gy(r,r') = I6(r — r'). (8.1.17)

Figure 8.1.3 A two-region problem where a surface integral equation
can be derived.
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16
/dV [V x V x Eq(r) - Gy(r,r') = Eq(r) - V x V x Gy(r, )]

Vi
= tw, deJ(r) . Gi(r,r') — E{ (1), reV;. (8.1.18)
I &
V- {[V x Ey(r)] x Gi(r,r') + Ei(r) x [V x Gy(r,r')] }
=V x V xEi(r) Gi(r,r') = Ei(r) -V x V x Gy(r,r'). (8.1.19)

E (r') = E; (r') + / dSn-{[V x E{(r)] x G(r, 1)

S+5f
+Ei(r) x Vx Gy(r,r')}, r' eV (8.1.20)
Hrp.
E;..(r') = iwpy, /dV J(r)  Gi(r, 1) = iwp, / dV G,(r',r) - J(r)
J J (8.1.21)

G,(r,r') = Gy(r',r). (8.1.22)



n- [V x Ey(r)] x Gi(r,r') = 2 x [V x E{(r)] - Gy (r, 1)

= jwiu G, (r',r) - 2 x Hy(r).
(8.1.23)

n-Ei(r) x VxGir,r)=nxE|r) VxG(rr)
= — [V x Gy(r',r)] - 7 x E{(r),
(8.1.24)

El(rl) = Einc(r’) + /ds {iwl“ﬂla—l(r’a I’) $ X Hl(r)

~ [V X Gl(r’,r)] A x Ei(r)}. (8.1.25)
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B3, XMFXE2:

HBERBEEENLHIE:

Einc(r) = /dS’ {iwp1G1(r,r') - A" x Hy(r)

S
— [V x Gy(r,r')] - 7' x E1(r))}, reVs,
(8.1.28a)
0= /dS' {iwp2Ga(r,1') - 7' x Ha(r')
S
— [V x Ga(r,r')] -7/ x Eo(r')}, reW.
(8.1.28b)
AR FH

i x Hy(r) = 7 x Ho(r), 7 x Ey(r) =7 x Eg(r) (8.1.29)
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' | BACKGROUND-Traditional

Formulations [1][2]

Z AT EFIE +Zb N-MFIE, RERE(E(D )48, -5,

=L 7]) T-MFIE:(H|S(J| M, )+H|inc)tan :(H' )tan

2 2
—ZCI N-EFIE, +Zdl n T-MFIE,  N-EFIE:n x(Ef(JI M, )+ EI‘”C):n, <E,
=1 |=1

N-MFIE 1y x(H; (3, M) )+ H™ =0, xH,

[1] P. YI&Oijala, M. Taskinen, and S. Javenp&g “Surface integral equation formulations for solving electromagnetic scattering problems
with iterative methods,” Radio Sci., vol. 40, no. 6, p. RS6002, 2005.

[2] X. Q. Sheng, J.-M. Jin, J. Song, W. C. Chew, and C.-C. Lu, “Solution of combined-field integral equation using multilevel fast multipole
algorithm for scattering by homogeneous bodies,” IEEE Trans. Antennas Propag., vol. 46, no. 11, pp. 1718-1726, 1998. 21



' | BACKGROUND-Traditional

Formulations [1][2]

ES (3 My )=m L (3, )-K (M)

iL, (M, )+, (3]

HE (3 M, )

(X o | X9
K (X(r))=Kay. (X (r))+%‘[| (X (1)),

[1] P. YI&Oijala, M. Taskinen, and S. Javenp&g “Surface integral equation formulations for solving electromagnetic scattering problems

with iterative methods,” Radio Sci., vol. 40, no. 6, p. RS6002, 2005.
[2] X. Q. Sheng, J.-M. Jin, J. Song, W. C. Chew, and C.-C. Lu, “Solution of combined-field integral equation using multilevel fast multipole

algorithm for scattering by homogeneous bodies,” IEEE Trans. Antennas Propag., vol. 46, no. 11, pp. 1718-1726, 1998. 29



' | BACKGROUND-Traditional

Formulations [1][2]

> PMCHWT: FEATURES: Be best in accuracy,
L +n,L _(K1+K2) ] 11 e but worst in iteration efficiency.
1 1
1 1 - inc 1
(K +K,)  =L+=L, L\Al] {—Hl ] a =n b =0=c,d =—
i m m | Ui

» CTF:
FEATURES : An improved

L +L, —[%KEV%KSV.] {Jll version of PMCHWT with a better
1 2 conditioned matrix, having the

identity operator
“ai =1h =0=¢,,d, =1

1

{ J; ]{_ Elinc/ﬂll
M, - H"

m K;.v. +772K§.v. L +L,

1 0 [—i-ki]ﬁl)d
+E 771 772

(771_772)ﬁ1><| 0

[1] P. YI&Oijala, M. Taskinen, and S. Javenp&g “Surface integral equation formulations for solving electromagnetic scattering problems
with iterative methods,” Radio Sci., vol. 40, no. 6, p. RS6002, 2005.

[2] X. Q. Sheng, J.-M. Jin, J. Song, W. C. Chew, and C.-C. Lu, “Solution of combined-field integral equation using multilevel fast multipole
algorithm for scattering by homogeneous bodies,” IEEE Trans. Antennas Propag., vol. 46, no. 11, pp. 1718-1726, 1998. 23



' | BACKGROUND-Traditional

Formulations [1][2]

FEATURES : Be good iIn the

i, x(K, K, ) ﬁlx[zi_ZL_ZJ 3, ] A xH™ iteration efficiency, but the worst in
ARy - A K accuracy.
Ax(ZL-Z,L, ) Aox(K K ) |2 R a =0k =1=c,d =0 ‘
_> IMCFIE FEATURES : Performance of
(L0 0K, -k [1K L K]m X[H LJ | JMCFIE is somewhere in between
m L L y the CTF and the CNF.
(1K, 40K )R X(ZL-ZL) (LA ik Ky

a, =1b =1=c,d, =1 ‘

[

inc A inc
-nH 40 xE

[1] P. YI&Oijala, M. Taskinen, and S. Javenp&a “Surface integral equation formulations for solving electromagnetic scattering problems
with iterative methods,” Radio Sci., vol. 40, no. 6, p. RS6002, 2005.

[2] X. Q. Sheng, J.-M. Jin, J. Song, W. C. Chew, and C.-C. Lu, “Solution of combined-field integral equation using multilevel fast multipole
algorithm for scattering by homogeneous bodies,” IEEE Trans. Antennas Propag., vol. 46, no. 11, pp. 1718-1726, 1998.



' | BACKGROUND-Traditional

Formulations [1][2]

» mN-Muller
P : L) ' N
nlx( # Kl_ H KZJ nlx[Li_L_z] K ﬁ1XH1mC
bty T Wty Ly oty )| | MtH
M & A inc
Y S Y . SN Y S G S G B S O (R B Y
I & ¢, & *¢, & *+¢, & t¢, & té& |

FEATURES: Be best in iteration
efficiency, but worst in accuracy.

b = [+ )by = g (11 + 1,

C, :51/(51 +82),C2 =6‘2/(6‘1 +52)

[1] P. YI&Oijala, M. Taskinen, and S. Javenp&g “Surface integral equation formulations for solving electromagnetic scattering problems

with iterative methods,” Radio Sci., vol. 40, no. 6, p. RS6002, 2005.
[2] X. Q. Sheng, J.-M. Jin, J. Song, W. C. Chew, and C.-C. Lu, “Solution of combined-field integral equation using multilevel fast multipole

algorithm for scattering by homogeneous bodies,” IEEE Trans. Antennas Propag., vol. 46, no. 11, pp. 1718-1726, 1998. o5



' | BACKGROUND-Traditional

Formulations
» Normalized Field Quantities [3]

E=VeE and H=\uH ES(

|
j:nxl:I:ﬁJ
A o
M =-nxE =M | |

T(ab)  mxT(ba)l[i] |-F(ab)
| ) Lxuc,d) T(d.c) HM}_nxﬁ(c,d)_

wher€T (a,b) =axL,, +bx(nxK-1/2) ﬁ(a,b):a(l?“c) s H™

tan

[3] M. Taskinen and P. Yla-Oijala, “Current and charge Integral equation formulation,” IEEE Trans. Antennas Propag.,
vol. 54, no. 1, pp. 58-67, 2006.

26



Ay

8.9 IR H1E

8.9.1 r&ERIBIT

(V2 + k*(r)]g(r) = q(r), (8.9.1)
(V2 + kZ)g(r,r') = —6(r — 1'). (8.9.2)
[V2 + kZ]o(r) = q(r) — [K*(r) — kj]o(r). (8.9.3)

€pr Hp

Figure 8.9.1 A current source radiating in the vicinity of a general
inhomogeneity.
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R

ERVALS o WY

bine(r) = B(r) — / dV'g(r, ) k3() — K2Jo(r'), re V.

(8.9.4)

(8.9.5)

(8.9.6)

(8.9.7)
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8.9.1 EBHHRIBIN

V x 1 'V x E(r) — w*E(r) = iwJ(r)

, (8.9.8)

V x 1 'V x G(r,r') —w?e, G(r,r') = p; 'I6(r — 1'). (8.9.10)

Vx(p =, YV XE(r)—w?(e—€,)E(r) = iwJ(r) =V xu, 'VxE(r) +w?e,E(r),

(8.9.9)
Vxp, 'VXE(r)—w’e,E(r) = iwJ(r)+w?(e—€,) E(r)—V X (j—L — —5;) VxE(r).
(8.9.11)

E(r) = iw/ dr' G(r,r') - uJ(r') + wzj dr' G(r,r') - pp(e — e) E(r')
v v

— 1 1
- [ dr' G(r,r'") - V' x (~— — —-) V' x E(r'). (8.9.12)
J Ko Hy

29



“n o o o o o -

- o o S S S S S e S B e S E oy,

X T AR RA T I B
E(r) = E;n.(r) + / dr' G(r,r') - O(r')E(r'), (8.9.14)
v
BRSNS TE where O(r') = w?(ue — pep) = K*(x') — ki.
E(r) = E;n.(r) — L(r, 1) - E(r)). reV, reV, (8.9.15)

Eine(r) = [T — L(r,r")] - E(r'), reV, reV, (8.9.16)

v



8.10 BEYISIRBYT{IE

8.10.1 LI
X F AR MR

E(r) = E;.(r) + / dr' G(r,r') - O(r")E(r'), (8.9.14)

1%
where O(r') = w?(ue — ppey) = k*(r') —

when k? — k? is small,

E(r) ~ E;.(r). (8.10.1)
E(r) = E;,..(r) + f dr' G(r,r') - O(r') B (r'). (8.10.2)
v

FARBEHEARIT RS =6 AR 7 57
BB BORESHEIN, EREETIEER
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v

ot Gler) = (1433 ) otrur) (8.103)
EMAERTRRAL and bl < 1 <—| RORT, (EHIEFH
g(r,r’) ~ —[1: VV ~ zlg— (8.10.4)
G(r,r') ~ (1 + k-,flL?> % (8.10.5a)
O(r) = (k* = k?) ~ ki Ae,, (8.10.5b)
where Ae, = €/e, — 1
/ dr’ ~ L°. (8.10.5¢)
A] B S A B E R A -
((keL)? + 1]Aer Eipe. (8.10.6)

(RSB B L 55 - VAR G M (8.10.7)

“— e o = o . -



(1) BRI BB (a3 R AT 2B,

kiL?Ae, < 1. (8.10.11)
RIUEIEZHE Ae, > 1. R TR

Q) BEHEBGNE RN RPFAEIENSSHEER, MRER, KEE
APt REBE

k?(r) ~ iouc(r) ki = w’ue,

G(r,r') ~ —, w — 0. (8.10.12)

O(r) ~ w, w — 0. (8.10.13)
Therefore, the scattered field term in (2) is proportional to 1/w when w — 0.
J =0E ~0oE,,, (8.10.14)
the charge o = V - J/iw implying that these charges at

the interface diverge as lfw when w — 0
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EREHARTE4 AL B kL1 %' AR, S5EH

VV ~ kf. (8.10.8)

E ~ eikb-rei(k-kb)‘r

~ Eince"“‘“‘b)'”, (8.10.9)

SEIYAoslin Ve S L IkbLAfr <1, kL — oo. (8.10.10)
1&/&1@\ Eﬂ'\)\
E(r) = By f dr' G(r,r') - O(t')E(r), (8.9.14)

where O(r') = (e — uyes) = K2(<) — k2



8.10.2 EBFEFRIT

MR N EER, BEAIAER)R A ABRIRE RS 5 ik

[VZ + k*(r)])é(r) = 0.
&

B(r) = e¥r).

Vo(r) = ig(r)Vy(r).

V- Ve(r) = {iV(r) - [Vy(r)]*}4(r)

TARGE, B58—IF&MtRIE

iV2(r) — (V)% + k*(r)

(8.10.15)

(8.10.16)

(8.10.17a)
(8.10.17b)

= (. (8.10.18)
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RIBAEIEE, BE
p(r) ~ o(r) + ¢ (r). (8.10.19)

iV24o(r) — (Vpo)® + ki(r) = 0, (8.10.20)

Hepoo(r), ¢p =¥, ZRBAKNERN R

153

iV21(r) = 2(Veg) - (Vehr) = (Vir)® + O(r) = 0, (8.10.21)
R1EZER

V(o) = ¥1 V30 + 2(Vo) - (Vbr) + o V241, (8.10.22)

where ¢y = ("), Since V2¢y = —k;¢y and V@, = i(V)g) ¢, we have

V2(poth1) = —kivido + 2igo(Vipo) - (V) + doV1),. (8.10.23)
B2 REhFRENFNHIE
V3(oth1) + k2ot = —igo(Vh1)? + idO(r). (8.10.24)



(RIS
: 1
: vi(r) ¢o(r)
| SIAENAR A
'\\ $(r) =~
BIERIT {4
(Ve

535 "4 R

——————————

- . S S S S B S EEE EE B EEE mSn S S EEe G SEE e Eae mam ma e ey,

- e e e e e o = -

———————————————————————————————————————

(8.10.28)

ek



————————————————

Y1(r) ~ kfL*Ae,, when k,L — 0. (8.10.29)

————————————————

EMSHARSTERAL B KL>>1 < BARY. S5EE |

B(r) ~ et ~ etoreilk=ke) T g et (r), (8.10.31)

Therefore, ¢;(r) ~ (k — k;) - r,
i(r) ~ kyLAe,,  kyL — oo. (8.10.32)

A 1, (8.10.33)

KEERSHARNERIART, X BFERIEIAL S5 ETE’J}B‘Z ISR

TR, (BRBEETRINRIAET, (RS | kbLAer < 1, ‘:



- BN B S N S S S S S S S S e e e

BiEXRia{l
H(r) >~ do(r)e ("), (8.10.27)
\
B(r) 2 go(r) 191 (x) go(r). (8.10.35)
Y (r) = _Cﬁoir) / dr’' g(r,r’) ¢o(r")O(r"). (8.10.26)

A0, SEEHAHRSSE, BKEAMFMEFEREMETE—ITi
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8.41 (a) For a plane wave at normal incidence on a dielectric slab of thickness
L, find the exact solution of the reflected wave.

(b) Derive the approximation of the reflected wave when £ —1 — 0, where
¢ 1s the permittivity of the dielectric slab and ¢, is the permittivity of
the background.

(c) Derive the reflected wave using the Born approximation, and show
that this result reduces to that in (b) only if (8.10.10) is satisfied.

8.42 (a) For a scalar wave equation, show that (8.10.11) is the constraint
for the validity of the Born approximation at low frequencies.

(b) Show that the corresponding constraint for two dimensions is

kil In(kL)Ae, < 1.
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