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Chapter 3

Moedeling, and Numernical
Analysis: Appreaches
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Why do we need computational
numerical methods?

ANSWer:

It Is difficult to calculate EM fields of structures
with complicated shapes by means of pure
theoretical analyses.
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Numerical Analysis Approaches
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v MMP
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Introduced In this course

» Rigorous coupling wave analysis (RCWA/FMM)
» Finite difference and time domain (FDTD)

» Discrete dipole approximation (DDA)

>
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K.V

J.C. Maxwell and H.R. Hertz
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Optical diffraction theory

» Scalar diffraction theory

> Vector diffraction theory m
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(D) 2% ® Huygen’s principle

« Huygen’s principle offers an % = T
explanation for why and how waves ‘ =,
bend (or diffract) when passing an | 4= 7
obstruction - - -
_ ;q') S Christian
— every point on a wave front acts as {/4 7 Huygens
a source of tiny spherical wavelets M e (1629-1695)

that travel forward with the same
speed as the wave

— the wave front at a later time is
then the linear superposition of all
the wavelets
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Oer24% Scalar diffraction theory
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Vector SEWEE Fresnel (Near Field)  Fraunhofer

Far field
S e Sommerfeld ( )
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a) A&

il

= %% /7 1= (Helmholtz’s equation)

b) #AREEZL (Green’s function)

C) BMAZ

\ (Green’s formula)

d)

=5 Bx
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TERRRE A Pk AT IE (RCWA) /M B R R (FMM)
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medium 1

4.\‘ Fig.3-3 2D grating

medium 11

_. Illuminated by a plane wave.
Fig. 3-1 Schematic diagram of one

dimensional periodic grating. ‘ ‘ ‘ ‘ ‘
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v" Lifeng Li, J. Opt. Soc. Am. A 14 (10), 2758-2767 (1997)

v" M.G.M.M.v.Kraaij. A more Rigorous Coupled-Wave Analysis
(MSolver). Master's thesis, Technische Universiteit Eindhoven,
2004.

P P Grate-21 Finiely Condaaiag WWnisg AN X
» .» i .-

T e
_— s UL MNEE

v' Software: The PCGrate-S(X) Series

o L g0 | oy | opseie ]

Toemevmy Ve mpeten ARl
¢ davivie iy Bl v Sept e R '.. -

. P S I Eavtasoms |4
Lw o memd g NG el Gl vy |

"
—_—————

e B o CIUNCY

——— : L
2024438 12H ponbidy _SA8. e witkh


http://www.pcgrate.com/loadpurc/download

v A g R kaE
v DUGEAT S P B 2 i 1A 7
vty A A S S T G 45 AL 1 4

20244E3H12H



Schoolo;‘im RCWA is also called Fourier Modal Method

BRI

Diffraction of a Gaussian beam by a single metal slit
20224E3H12H
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Interaction of a plan wave with a slit-on-glass aperture. The
plane wave is incident from the bottom and has a wavelength
of 549 nm. The slit is 100 nm wide, the Cr layer is 100 nm
thick. The left image i1s TM polarization and the right image

TE polarization.

e e - TEE———
e e

U

™ TE
Figure 3: Passage of light through a slit using the FMM
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(Condition of coherence).
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Central bright fringe
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Diffraction of nano-sized structures

Lalanne et al. Nature Phy. (2006)
Gay et al. Nature Phy. (2006)

Constructive
interference

among the beams
from slits;

Each slit 1s at F-P
resonance

Interference of SW/SPP
with 1ncident wave

How Conversion SPP/Light, and Interference occur ?




SPP coupling & Interference at nano-slit

Coupling mechanism:

the incident SPP induces oblique
dipole that reradiates Bulk waves
and SPPs

Interference occurs at the slit.

Ung, Sheng, Opt. express (2007)
i al /nvited Paper OSA Nanophotonic (2007)




Demonstration of the Interference of
SPP with incident beam (H, field)

Constructive interference: L = 520nm

Eam e

Destructive interference: L = 750nm

[+ ] 8]




Induced dipoles in the slit

Two horizontal dipoles
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Finite-Difference and Time-

Domain (FDTD) Algorithm

202443 H12H 37



g’ﬁlo? of'ghys% =DEED ﬁ?jﬁiwﬁﬁ %

> FDTDHEE: K.S.Yee T-19664F#2 [, B EHBXFZ i+ 77

FEAEZE AT, SRAR DR P RS K P E R RS A TR PP A% B R SR
A 5 5 IR R — PP RS

> AR ST HRCHBE, T Yeet lufy kil 52
45 47, [ Fl AT 45 7 5 ) 8RR A
A8 22 S0 5 M R B R R 3% 4 7 . 5 BT
TV L AR S E PN AN

\ I

> BRI T -

FDTD&E L B A R £ 79 A 22 70 W F i 18037 ie B 5 #E
Hfor s JEEC T EAIRED A, HEAGHAES
im 0] X e AR G A AR, G B S IE I S W) Ge B RN 1 B
2 [B] )3 5 o6, A5 2 A H5 I [R) 22 5 1) 22 v M 55 R 1 DY 4
ﬁ@%,ﬁﬁﬁiwﬁﬁﬂﬁﬁzﬁémmﬁﬁ%o

20244E3H12H



DEELE  EDTD Ri2MEA AN

FDTDJEAS 5t B M RE TR

Maxwell 7r Ff2 4]
FEBFIE :
E:__I[\fxf':-:h”] ‘\?'KH'E at
'. or H Hr ot
E Moaror] TrEe G oA
N F u
Maxwell e JE T R AT ARE LA MBA TR ok, 1[ CH, ol _ }
& e Va4 cx !
= cH =
III:--.IE‘: =_l'[f-. . -F{f -ﬁ:]
cr gl Cx ) f



School of'?hysms

FDTD faj i 4
FDTD A
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FDTD—FIinite-Difference Time-Domain method
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http://ieeexplore.ieee.org/search/wrapper.jsp?arnumber=1138693

How the FDTD method works?
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How the FDTD algorithm works?

NIREIE B KB RPP K B T e e, B a) 1
AN L B AR R T

(Ax, Ay, Az)min.

C

RV 90 = [ B XS R Al AR, O F s
AR B RAME, BIE=FZ RN

At =

FDTD Solution™4 “ Auto shutoff’ I FE RAR-IF
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O&1EE What are Dispersive Materials?

» Dispersive materials

v'have electrical parameters (permittivity and
conductivity) which vary significantly as a function
of frequency

» Examples include water, metals, body tissue,
glass and more

» Many typical materials are frequency-
Independent and the dispersive models are not
needed, e.g. air, dielectric, polymers.

20244E3H12H 45



& soolotBiysis \N\N@N to use Dispersive Material

Capabilities in FDTD?

€ Broad-band output is desired from a
geometry containing this type of material such
as spectrum.

€ In any simulation (broad-band or single
frequency) in which the electrical parameters
for the material would cause the calculation to
become unstable (e.g. negative permittivity).

20244E3H12H
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Why do we need dispersion models?

EAg

Real Imaginary n k

-0.86 0.13317 -0.92736 -0.06175 -
RaEavsasE B -road band calculation
-1.5296 0.14486528 -1.23677 -0.08958

-1.8806 0.15091527 -1.37135 -0.10348

-2.2424 0.15710584 -1.49746 -0.11763

-2.615 0.16344125 -1.6171 -0.13215

-2.9984 0.16992576 -1.73159 -0.14712

-3.3926 0.17656363 -1.8419 -0.16261

-3.7976 0.18335912  -1.94874  -0.17866 ’ ’ ’
-4.2134 0.19031649  -2.05266  -0.19533 8 8
-4.64 0.19744  -2.15407  -0.21265 y

-5.0774 0.20473391 -2.25331 -0.23066

-5.5256 0.21220248 -2.35066 -0.24941

-5.9846 0.21984997 -2.44634 -0.26891 ’ ’ ’

-6.4544 0.22768064 -2.54055 -0.28922 8 8

-6.935 0.23569875 -2.63344 -0.31035 ’

-7.4264 0.24390856 -2.72514 -0.33234
-7.9286 0.25231433 -2.81578 -0.35523
-8.4416 0.26092032 -2.90544 -0.37904
-8.9654 0.26973079 -2.99423 -0.40382
-9.5 0.27875 -3.08221 -0.42958
-10.0454 0.28798221 -3.16945 -0.45637
-10.6016 0.29743168 -3.25601 -0.48422
-10.997366 0.30417786 -3.31623 -0.50436
-11.1686 0.30710267 -3.34195 -0.51316
-11.7464 0.31699944 -3.4273 -0.54323
-12.335 0.32712625 -3.51212 -0.57445
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D825 ®ypes of Dispersive Models in FDTD

 Debye

— useful for materials with condensed polar molecules
such as water

e Drude

— similar to the Debye model
— with an added electrical conductivity term
— Also available for magnetic materials

 Lorentz
— used to describe absorption bands
— often in the optical frequency range

20244E3H12H
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Types of Dispersive Models in FDTD (cont.)

» Conductive
The Conductive model is used to create a material defined by the

following formula.

» Plasma
The Plasma model Is used to create a material defined by the

following formula.

.
L'I- JFI

Eppral [ )= E—

27 flive +2m1- f)
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Types of Dispersive Models in FDTD (cont.)

» Sellmeier
The Sellmeier model is used to create a material defined by the

following formula. The C coefficients have dimensions of
micrometers squared (um>).

» Kerr nonlinear
In the Kerr nonlinear model, the electric polarization field P will depend on the

electric field E in the following manner. (1) +,'-'!"'::3:' | o )] 2 |E 0

el I
g
i

Solving for the displacement field D gives
Diy=¢g,le, + 7 | E@) | E(®)

50
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The Debye Model

* The Debye permittivity Is described by
the equation

Es — Ew

g(w):&o I 1+ Jowto

2024434 12H CEPKIEZEY | (PR
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Complex Permittivity for Water

o Complex Permittivity for Water e=e” - je™’
Permittivity

30

L] L] L]
Feal Permittivity {(&"}) ——

an Imaginary Permittivity (&™) ——

F
B0 F
a0 F
40 F
E

20 F

40 bl B0

Frequency (GHz !
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Limits on Debye Parameters

N7 FEBC SE A RE B DR A R 5
i e X ZHGHAT AN T PR

o f I FEL ) R A S HE N At
oc > 1

°8static >800
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Drude Model

*Q/éﬁ
2
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e(w) =1—— £
O* + 1Y®

HoAp Al ARy =1/
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(E PRBIRS VK Z s I 1] )
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Drude Model
Typical Plasma Frequencies

The plasma frequency for typical metals lies in the
ultra-violet.

@
P
Metal Symbol Plasma Wavelength Plasma Frequency
Aluminum Al 82.78 nm 3624 THz
Chromium Cr 115.35 nm 2601 THz
Copper Cu 114.50 nm 2620 THz
Gold Au 137.32 nm 2185 THz
Nickel Ni 77.89 nm 3852 THz
Silver Ag 137.62 nm 2180 THz

20244E3H12H



The real &;(w) and imaginary g;(w) parts of the dielectric
function are given by:

20244E3H12H
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Semi Classic Model for Localized Surface Plasmon

Metal nanoparticle Damping factor I
 E— ~ys Oyisiple”?Y=1/7;
O — K~C=0 (BRI R —
& S 2 ¥ AE Y R 1%)
T F~Fcouomy (TEFTERT
b ERIEE 7, -qE)

Driven, damped harmonic oscillator m*e: mass Of electro NS

g — I a}R = K/m:
FWHM =/3T
LO°r . OF -
m,—+m] —+Kr=qEe " max
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d’x dx -

m

+my—=-—e¢ 2.1
d’t }/dr @1

Hrr, x, e Fom Sl R R R . A Q)RR f#
X(1) =X RN 13
e

X0 = m(e” +iye) E®) (2:2)

XHGINEHHETEE 0, WA H B TIE 801 AR ] PRI

ne’ _

P=-nex=—————EF (2.3)
m(@” +iym)
i D =g E+ Pl
2
- 0, -
D=g¢g,(1- E)E = 2.4
o( w2+fya}) e(0)E (2.4)

Folt oo, WS TS, BRIk, LS 4R A Btk At

2

0,
g(@)=1-—"L (2.5)
@ +iyw

202443 12H 60




g(w)y=¢,+ig, =n’

®, | (0-ioy)

o’ +iwy (@?-ioy)

=(n,+in,)" =1-

o 2 2 T1 3 2
a +y @ +ay

Dielectric constant at m = ®

visible

2

1 0,
a)>>7/:; m c(w)= l_a)_; +1i
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LR 2K A Drude B —
mxiE, BHAFHRIESEE
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General Drude Model

 The Drude model describes a material
similar to the Debye model

—with the addition of an electrical conductivity
term o

—where o IS the conductivity.

20244E3H12H
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General Drude Model Limits

Simplified limits for Drude model:

—identical to those of Debye (¢ >1, e>¢,)

—with added condition that electrical
conductivity (o) <0

e Limited set of materials fit this condition

» More general conditions available

20244E3H12H 65



General Drude Model Limits

* Infinite Frequency Permittivity (¢,) > 1
*lfe,>¢, thenc >0

* If g, < g, then the conductivity ¢ must
satisfy the condition of ¢<0.

20244E3H12H
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f Physics

Applications of Drude Materials

» |sotropic Plasmas

» Metals such as gold, aluminum, and chromium
at optical frequencies

» Some biological tissues

» Negative Index Materials (NIM), Double
Negative (DNG) materials

20244E3H12H
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Techniques for Using Drude model

« Some materials, such as plasmas, fit the Drude
model exactly at microwave region

 For the general case

— a curve-fitting technigue should be used to find the
best-fit parameters for the Drude model

 Curve-fitting used for following metal
examples

2024438 12H 68
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Complex Permittivity for Drude

o Complex Permittivity for Drude Plaszma e=e” - je’”’
Permittivity

1.5 T

| | |
Real Permittivity {e’) ——
Imaginary Permittivity {e” ) ——
1 1

Frequency (GHz»

20244E3H12H



Orude Model Real —e— -
Drude Model Imag ——

ity For Gold

Gold, RFeal Permittivity, Meazured ——0

IV

Gold, Imag Permittivity, Measured ——
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Derivation of

Lorentz Oscillator
Model

20244E3H12H
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O22E%E | orentz Model (3R Fi 5

Linear Dielectric Response of Matter

Lorentz model (harmonic oscillator model)

eﬁ; Em
C.Y r .’
p=-—er
Nucleus

Charges in a material are treated as harmonic oscillators

ma, =¥, ., +F, + K. (one oscillator)

d°r dr
m—--+my—+Cr =

e 7 ~¢E, exp (—iwr)




—_—

OF O

m—-+ml —

ﬁ

Ol Ol

| |

l \I

| ‘
| frictional force
damping rate

: £

acceleration force (loss/sec)
mass of an

electron

M =

o

EQUALIBTUM STATE

Fma,r =—qL

X

electric force

restoring force

.'&-
& = ’-—
\ m

natural
frequency

POLARIED STATE
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Drudefi# 51 orentzf= R S}
i) X

The equation of motion of a free electron (not bound to a particular nucleus; C = 0),

d’r - mdr -
m,—=-Cr———-eE = m,—+m,yv=—¢E
"t dt g

,"" ’ . . _14
(z=—: relaxation time ~ 107 ")

4

Lorentz model
(Harmonic oscillator model)

If C = 0, it is called Drude model

20244E3H12H 76



Fourier Transform

0°F OF o | =
m—s-—+ml —+mao,¥ =—qL.
ot” Ot

\ Fourier transform

—
—
-

m(—jo) 7(o)+ml (-jo)i(o)+moi7 (o)=—gE (o)

I Simplify

(—m(z)2 — jomI + ma, ) (o) =—qgE (o)



Displacement

Charge Displacement 7(w)

(—ma)2 — jooml + may; ) F(w)=—qE (o)

l Solve for 7 (@)

F(a)): q E(a))
m, @, —®" — jol

/ \
"9' ' B - 3
(5‘\ 4 } The displacement 7(w) describes how far
— charge is displaced from its equilibrium position.



Dipole Moment

Electric Dipole Moment p(w)

Definition of Electric Dipole Moment: ;[l (a)) = —ql_; (a))

charge

distance from center

** Sorry for the confusing notation, but i here is NOT permeability.

//—\\ e e e e e e e ===" T -
\.
W— o - :
{?\\ - ) ii The electric dipole moment fi(w) is a
e measure of the strength and separation

v of positive and negative charges.

i(o)=a(o)E(o)

W EMPossible



Susceptibility (1 of 2)

Recall the following:

P(w)=N <[](0))><501(0))E(0))
i(o)=a(o)E(0) > Na(o)E(o)=&x(0)E (o)

o ()= /8 i 1 g(co):fo(@)
m, o, —~a —jol "o

This leads to an expression for the susceptibility:

______

Na(o) | Ng* ) 1
Z((!)) ~ :: P, 2 -
& \&em, o —o" —jol
O, 7

pt——-——--




Susceptibility (2 of 2)

Susceptibility of a dielectric material:

-~

QO

x(0)= 3

o, —@" — jol

Metal
Aluminum
Chromium
Copper
Gold
Nickel
Silver

* Note this is the susceptibility of .

*The location of atoms is importa
this.

* Real materials have many source

plasma
frequency

g =1.60217646x10"" C
£, =8.8541878176x107" F/m

m, =9.10938188x107"" kg
0,
Symbol Plasma Wavelength Plasma Frequency
Al 82.78 nm 3624 THz
Cr 115.35 nm 2601 THz
Cu 114.50 nm 2620 THz
Au 137.32 nm 2185 THz

Ni 77.89 nm 3852 THz
Ag 137.62 nm 2180 THz




The Dielectric Function

Recall that,

—

D=igiE=cE+P=¢E+e,yE=¢,(1+ y)E

Therefore, G

g}, ( (-’)) = 1 + X ( (l)) The ~ symbol indicates the quantity is complex

The dielectric function for a material with a single
resonance is then,

A’ No*
~ _ P 2 _ VY
8"(0))_1+,3_,3_',1" @, = ——

O -0 —jo g,m,




Real and Imaginary Parts of ¢

_ a):. . Ng-
E (w)=1+ ——F— W, = !
2 @, — @ —jek E,M,

Split into real and imaginary parts
o° (@ =" |+ jol

i

E(w)=¢(w)+je(0) =1+ ———F—————
| | |@; —@° |—jol |@; —@° |+ jeol

. &y —0° |+ jol
=1+w;

|@; —w° ) +°T"

- .3 Or —@° e ol
=1—I-a)5 - -\ 2 - - +V;a): ‘ - - 2 - -
|@y —@° ) +o°T" (@ —@° ) +o°T"

@ — . ol
—o2 s 6 (@) = @) ——————
(- ) +&T" (&) - @) +&T"

& (@)=1+a;




Summary of Derivation

1. We wrote the equation of motion by comparing bound charges to a mass on a spring.

&y &F - =
m, —+m —+m. @5y =—gE
cl

2. We performed a Fourier transform to solve this equation for r.
G Elw)
m, al_-: - —jol

@)=

3. We calculated the electric dipole moment of the charge displaced by r.

£2 q° Elo)

dlo)= e

m @, =@ —jol
¢ v o

4. We calculated the volume averaged dipole moment to derive the material polarization.
P(@)=$Y a(0)=N{a(e))

5. We calculated the material susceptibility.

. o; Ng o
7l @)=— S @, =
‘ &y — @ — joI T g,

(S S O

6. We calculated the dielectric function.

o~

£ (w)=1+y (o)
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The Lorentz Model
%I)\bbﬁiﬁﬁjtﬁj“ﬁ’ﬁﬁﬁ B Be, v &,

% Lorentz A5 84 34

TEL

_A

The Lorentz complex permittivity is defined as

where o IS the resonant frequency and v is the damping
coefficient (collision frequency), both in radians/second.

20244E3H12H
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The Lorentz Model

> DL — B0 I I = AR T e N HFAE

LA

> IR FFR S A B H He, e, 1H-5Debye#:

SRAH A
> IR AE e RBUER € T elfH

20244E3H12H
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Limits on the Lorentz Parameters

& As with Debye, e.> €_
®n,>0 and y>0

€ A conductivity value (o) is not required

20244E3H12H
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Example Lorentz Complex Permittivity

. £,=2.25, ¢ =1.0

+ 0= 4.0x 106,y = 0.28 x 106

20244E3H12H
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Complex Permittivity for Lorentz

o Complex Permittivity for Lorentz Material e=e” - je’”
Permittivity

10 T T T T
Feal Permittivity {e’) ——

Imaginary Permittivity ") —+—

1,5e+07

Frequency (GHz !

20244E3H12H
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Complex Permittivity for Water

o Complex Permittivity for Water e=e” - je™’
Permittivity

30 T T T T

L] L] L]
Feal Permittivity {(&"}) ——

an Imaginary Permittivity (&™) ——

F
B0 F
a0 F
40 F
E

20 F

40 bl

Frequency (GHz !

20244E3H12H



Drude model for metal in free-electron region

" " o’
5r(0))=1— 2 I’. =(1_ 2 - 7J+i[ 3 P}/ 7)
@ +iwy o +y° @ +oy°
Modified Drude model for metal in bound-electron region

2 2 2
, ), .y
P _ p : P
€r((())=€x— Q' =iy | i 2 +1 3 2
@O +iwy () e ol 4 @ + oy

Extended Drude (Drude-Lorentz) model

w, Ag €
g}(a)) = g‘f_ = _T_.—. i 2 2 ‘
@ +ioy (a)'—Q;_)+i(o L,

20244E3H12H 91




,ﬂ %ofof’l?}lys% AlSO kee in mido U N

nNandn” vs y’andy” vs ¢ andeg”

All pairs (n"and n”, ¥" and ¥", ¢ and ¢") describe the same physics

For some problems one set is preferable for others another

n" and n” used when discussing wave propagation

E(:.I)zRe{E(:.a))exp[—iﬁ:—%:ﬂ(w]} where [ =kmn'and o =—-2kn"

Phase propagation absorption

x and y”
/" ’ /‘” - used when discussing microscopic origin of optical effects
¢ and ¢

Inter relationships
Example: n and ¢

From n=,/¢, m)
n'+in" =€, '+ie. "

20244E3H12H



W 32 Z %

School of Physics

Commercilal softwares

B FDTD Solution: (?fﬂﬂ?&fffﬂf
B XFDTD:

B RSoft:

B Opti-FDTD:
B CST.

B COMSOL.:

B HFSS:

2024438 12H 93
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||| YT wiew
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| ||
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T
A
=
i
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o5
E :ﬁ Group

ﬁ Naterial Exzplorer

hz Eilwer) - CEC

-

- =X

ne help

f X

A

— FOTD model C — FOTD model
M Material data 4.6 :— M Material data
0.268 u -
& % 38F
E 0.258 = o
= = r
T £ :
I £ - & X
0.247 “F
] - |
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(#) standard wview
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{::} extendad view range
{:} specify wiew range
[Plu:-t in new wind-:-w] lFit and plot
Fit analysis
BMS error |0.300933 |
mumber of coefficients |2 | Go to Material Databa5e§| [ Close ] : — online
: ) ization! CHHorm
% ¥ T <

FITD
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Discrete dipole approximation
(DDA)

20244E3H12H 95



Electrodynamic Analysis of Localized
Surface Plasmon

' 7 '.'r".‘ | v Scattering
[\ Absorption 25
4+ [\ Extinction -
f \
." “k ==t 120
' 'l 15
- | ‘/\,
) J / \\”
[ ‘l’. "‘ \ ‘;\s_\__——-‘-_- Q 110
. /| W _ Is
0 = A " A
1 15 2 25 3 35 4
Photon energy [eV]
Gustav Mie 60-nm Au nanosphere in free space Near field enhancement
A EY
Discrete Dipole Approximation " ‘
Finite Different Time Domain K '
T-matrix = = A = -
<4 >

Interparticle coupling
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Verification of DDA

DDA single scattering properties —

comparison to Mie calculations

97
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DDA single scattering properties — comparison to Mie
calculations

Spheres (ice) at 300 GHz, m = 1.775 + i*0.0032

MIE-reference

N=33510

-

f‘\l S Solid ice spheres at 300 GHz
oo e

Criterion for DDA application:
mkd < 0.5

n: complex refractive index
k: wave number

d: dipole separation

N: number of dipoles,N ~ 1/d

98



“Discrete dipole approximation

> ER TS T PPT I

> R AU AR S5 AR 7 A

> PRI T B 514 ST da s

> S EEAMER TR HIHE—
BE— 25 0t BUR

+ + +
+ + + +
+ + + +
+ + + +
+ + + +
+ + +
+ +
+

+
+
+
+
+
+
+
+

+ 4+ +
++ 4+ +++
++++++++

+ 44+ +++
++++++++
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BC10_Chemistry-4.3 compunds and molecules.ppt#1. 4.1 COMPOUNDS AND MOLECULES

© — MUURLIFT U AT iB

M 7> ATEUNH]

Aﬁfﬁ%*&?ﬁ’] (LN AVIVE /S Lf% "Source

g'é/éile front
&

ew wave front

Ve front-}

X EBAARRR 70 2R T iE A B BRI A

’ L Y Y Y

X A I A S B, BR TN LR R AR DL >
v B R
v BRI B A2 A

v AER B IRBRLIEAR
v TR B B A BN B T
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Pr Ly DDA continued...

» Model complex particle with many point dipoles
» Each has a dipole moment of p; =3dvK(¢)E; (E; is field at j* dipole)
> Every dipole sees every other dipole, i.e. total field at the | " dipole is:

So need a self-consistent solution for E; at
every dipole
Applied
field
E(rj) - Eapplied (rj) + Z'f\jk (akE(rk))
K+ |
¢ ‘ Applied field at j polarisability
elc.. of dipole k
Electric field at Tensor characterising of the E field
from dipole k, as measured at |
202453 H12H
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© fRAR T Ha5T

YR T S5 T IERGE G, Bt S5 3 S
5 Y L RZG

E“P(r,t) =

r X p(t)| X r
e ¥ T x p(t)] xr

A
so the volume A
element radiates...

sirnwnmes L/ )/

mE K EAH O\
b5 E" ()

202443 H12H 102



o BRAEIL T
AL AR T 46 08 SN S350 LA B BRI 2 A B 22 0 4 4 4

U AR R S R 21
ERITLER, IR

The elements are

Ei v A D>Z coupled together.

The simple,

diffraction / Fourier
transform description
scattering neglects this.

TR SRAR RS R G MBIy FE AT RITAT R0 TE UKL A Al 1 7 ] o S
N I PER

20244£3H12H 103



Incident E

look Inside «

20244E3H12H



(¢) What coupling does

the effects of coupling...

No Coupling Coupling

Z1.0 ~0.5 0.0 05 1.0 ~1.0 ~0.5 0.0 05 1.0
/R /R
polarization polarization «G—]

Coupling changes the direction & magnitude of the dipole moments from
what they would be if they had responded to the incident wave only.

2024%£3H12H 10



— B RE AT AR RIS, BRI B AU R

BB T B RO I 5 U5 5 0 T AR S SR

Coupling ér

observation

This description of scattering is the

~1.0 -0.5 0/:;)2 0.5 1.0 Discrete Dipole Approximation (DDA)

202443 H12H 10




DDA FJ 4% 18 5K iR

axwell’s equations

electric field

Inside of the
particle — this is

where the
dipoles enter

Volume Integral Equation (VIE)
Dividing the particle into its volume elements discretize the VIE which generates
a system of algebraic equations that can be solved to yield the dipole coupling.

202443 H12H 10
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% e

Special case

This corresponds to neglecting the coupling between the volume

elements. The VIE then reduces to

MRS

RN BB E
Eint (I‘) . Ez’nc (I‘)

B RE, WRBNIBUN:

FET—)> E*“(r) / ' dr’

|4

RURLAR AR 7 T3 R ) 48 FRL 2R 2 2
] L FRTAZ il = o ik & BR A1 1 /SUH

20244E3H12H
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DDA simulation details

Meal, Falffy-Muhoray

«  Discrete dipole approximation (DDA) simulation
determines susceptibilites

FURL 4T FEH

20244E3H12H

1371

1T RE

XS

?:Fzzé

= RN E AR AR R p

Simulation Salves:

|.II'.- .1

S FHRAE
a;— polarizability



e Consider N dipoles, the ith dipole p; located at r; and hawv-
ing polarizability ;.

* pi = B BRHMEP. 2T HRIUERa5BEIFEZEIRRR

- E!'m,i — EDEE'T_M — Ej

e A;; - p; = dipole field (near-field 4 far-field contribution)
at r; due to p;.

e Solve for p;. Then extinction coefficient C',; 1s given by

4k Npar
|ED|2[IIIZ Ef exp(—iwt) - py (1)

EE:I# —

by optical theorem. (N, is the number of particles in the
cluster.)

e ov; is related to €, of the i*® particle by requiring that it given
the correct first scattering coefficient in the Mie expansion.

Refs. for DDA: E. M. Purcell and C. R. Pennvpacker, Ap.
J. 186, 705 (1973); J. J. Goodman et al, Opt. Lett. 16, 1198
(1991).




Results: computed dipole moments for Au NRs

B

Meal, Palffy-Muhoray

1 P.=-22839 | 2 P..=-25800 =-25046
P, =19649 P,.=-8308 ti p =4570
4 5

p_=-25060 , P.=7232 _ P_=7230

,J Plrr =4559 47 I:mlrr =-420 I:rlm—_,jr*l 8
Ty Po=t541 | B, Po6836 | 9 4 P _-6554
, P=-419 /" P=-405 'J Pim=233

10 P_=B513 P.=7382 |12  p_=7381
{r Po=553 LP =163 | 4. p=163

P-complex dipole moment T B-field T E-field ] Wave vector

(along y-axis)



) %2 & % What is this good for ?

the DDA is well suited to model scattering from complex, particles since there
are no restrictions on the partlcle shape & composmon

BNV N Y S, 3 i ~
20244E3H12H VA S e ! blologlcal part|c|e11



An application:

I O R A AR AR AR
/%ﬁmﬁﬁegﬁ*mw%ﬁ

Water: sphere - symmetry




School of Physics

Discrete Dipole Approximation (DDA)

Approximation:
— PRI U R R S B H R R
— R Z S a1, RS 11T

Required conditions:
—Best results If targets have sizes comparable to wavelength (i.e.
Mie-region, a~A).
—Materials should have |n-1| : 1 ~ 3, n = complex refractive index.

—d: “interdipole separation* should be smaller than structural lengths
and wavelength A, d<A.

—numerical studies indicate [n|kd < 1, k=244 (wave number)

202443 12H 11
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DDA source code

v' DDSCAT®6.1 (Draine and Flatau, 2003), publicy available (GNU)
v FORTRAN (77) software package (highly portable)
v" Calculation of :

- WRHAT, HSUR, THOG R

- HICSRT R FE AR B . AU R IR R
v A RE:

- BRI 4 (BEAL/HEREHL)

- WU A

- [T =

- R B
v RSIZ22: SP< 15, [mkd| < 0.5 (see Draine and Flatau, 2003)

20244E3H12H
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@ T-matrix

v Expand incident, transmitted and scattered fields into a series of
spherical vector wave functions, then find the relation between
Incident (a,b) and scattered (p,q) coefficients

v Once know transition matrix T, then can compute the complete
scattered field

v Elements of T essentially 2D integrals over the particle surface
v' Easy for rotationally symmetric particles (spheroids, cylinders, etc)

v" But...

& Less straightforward for arbitrary shapes
€ Numerically unstable as kR gets big

v Up to kR~50 if the shape isn’t too extreme

p| [T, T, a
q| | T, Ty |lb

I | GKE%) 118




& Bﬁ‘/ﬁ%gle scattering properties - comparison
to T-matrix

» The evaluation was performed for all combinations of possible
Incoming and scattered directions on a 10 angle grid

» Frequencies considered are in the range from 183 - 875 GHz

» Effective radii range from 5 - 230 pum.

» Refractive index was calculated corresponding to a temperature of
250K (Warren, 1984)

» Number of dipoles chosen corresponding to mkd criterion,

although minimum N = 1000

2024434 12H CEPKIEZEY | (PR 11
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DDA single scattering properties — comparison to T-matrix

Phase Matrix Evaluation (DDA) - I/U interaction

020

al
221
) ] ] 731
0.15— + 2 - ] Z41
£ ] c 040 -
: ot < o _ _
T 10 i S significant 1/V interaction
N o -
+ B E ‘
3 ‘ + 5 005 +
O - .
5 005 + - 5 + 4
. + + o +
3 + 2
g + + + i o i
® 0.00 g R, T, i
000l—|$||; ¢ -, T S $ -------------------- oo 3 i+ T i
+ -
0.05 | .
0 1 2 3 4 5 005 o v0vivi I IR A I
size parameter 0 1 2 3 4 5

size parameter

> Phase matrix elements all lie within the accuracy of ~ +-15% with respect to
Mishchenko.

Conclusion: DDA Is better than T-matrix
20244E3H12H QR3S = WY, =)




Classical equations In
scalar diffraction optics
» Helmholtz’s equation

» Green’s function

» Green’s formula

» Kirchhoff’s formula

20244E3H12H CEPKIEZEY | (PR
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coherence).

3. EERLIE KT 5T

=1:

EHI/NFLET,
XF IR IR ANATES (diffraction phenomenon). fiTHTEL

RHIE
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Creeping waves
Nature Physics 2, 551 (2006).

Black line: RCWA calculated curve

Red line: SPP-model

Blue line: CDEW-model which completely
fails at predicting either the
magnitude of oscillations, or their
phase, particularly for the small-
width case.
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