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Abstract In this paper, a novel robust adaptive beamforming is proposed in which both
the uncertainties of steering vector and covariance matrix are taken into account. First we
develop a min—max optimization problem which aims to find a steering vector with the
maximum output power under the worst-case covariance mismatch. Then we relax this
min—max optimization problem to a max—min optimization problem which can be solved
by using the Karush—-Kuhn-Tucker optimality conditions. It is also shown that the pro-
posed technique can be interpreted in terms of variable diagonal loading where the optimal
loading factors are related to both the correlations (between the eigenvectors and the signal
of interest) and the eigenvalues of the data covariance matrix. The effectiveness of the
proposed approach is supported by computer simulation results.
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1 Introduction

A ubiquitous task in array signal processing is adaptive beamforming which has been widely
used in wireless communication, radar, sonar, acoustics, astronomy, medical imaging, and
other areas [1, 2]. By means of adaptive beamforming, we can recover the signal of interest
(SOI) in the presence of interferences and noise using an array of N sensors. Briefly stated,
adaptive beamforming intends to estimate the temporal waveform s(k) in the model

x(k) = aps(k) +i(k) + n(k)

with i(k) = Au(k) M)

where ay € CV stands for the steering vector (or signature) of the SOI, the matrix A; =
[a; a, ... ay]é€ CV*M collects the steering vectors of M interferences, u(k) € cM
denotes the temporal waveforms of interferences, and n(k) represents the additive white
Gaussian noise with power o2

The second-order statistics of the N x 1 signal-vector x(k) can be represented by the

covariance matrix R as

M
R = £{x(k)x" (k)} = ogacaf + ) oranall + ol (2)
m=1
where a% and olzn respectively denote the powers of the SOI and the mth interference, and
the matrix I stands for the identity matrix with proper size. The notations £{-} and (-)H,
respectively, denote the expectation operator and the Hermitian transpose. In practical
applications, the theoretical covariance matrix in (2) is normally unavailable and we have
to estimate it from the observations as follows:
~ 1 &
R=—) x(k)x"(k 3
£ 2 MR 1) G)
where K is the snapshot number. Using the N x 1 weight vector w, the output of an
adaptive beamformer is given by

y(k) = wx(k).
The array output signal-to-interference-plus-noise ratio (SINR) is defined as
2| wH
SINR £ To[W a0 4)
wiR;, W

where R, 2 Y 62a,a/ + 6L is the interference-plus-noise covariance matrix.

The Capon beamformer is a representative example of an adaptive beamformer, in
which the interferences and noise are suppressed as much as possible while the array
response gain for the SOI keeps unchanged. More specifically, the Capon beamformer can
be formulated by the following optimization problem

min w’Rw
" (5)
S.t. WHa(] =1

with the solution given by
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R_la()
We = allR'ay’ ©)
The Capon beamformer performs well when the SOI steering vector ay and the covariance
matrix R are both obtained accurately. In practical applications, however, the traditional
Capon beamformer may suffer substantial performance degradation in the presence of the
mismatch between the nominal and the true SOI steering vector (or covariance matrix).
The mismatch can include look direction errors, imperfect array calibration, source local
scattering, wavefront distortions, etc. In such case, the SOI is likely to be treated as an
interference and thus be suppressed, leading to “signal cancellation” Sometimes even a
small mismatch may result in a severe performance degradation.

In the past decade, a number of robust adaptive beamforming (RAB) techniques have
been reported to combat the effects of these mismatches for the Capon beamforming and
therefore the RAB has been an intensive research topic in array signal processing. An
excellent review and comparison of the existing robust techniques have been provided
in [3, 4]; see also the references contained therein. Roughly speaking, these robust methods
can be categorized into two main groups [5]: methods based on previous mismatch as-
sumptions (such as [6-10]) and techniques that estimate the mismatch or equivalently the
actual steering vector (such as [4, 11-17]). Among these approaches, the diagonal loading
(DL) beamformer and its extension versions may be the most common.

While the majority of the literature focuses on the robustness against the mismatch in
the steering vector, relatively few researchers have investigated possible RAB techniques
with joint robustness against the uncertainties of both the covariance matrix and the
steering vector. From (6), it is clear that the weight vector is a function of the covariance
matrix and the SOI steering vector, which jointly affect the array output performance [18].
In many RAB methods, it is implicitly assumed that the uncertainty of the sample data
covariance matrix can be incorporated into the steering vector uncertainty. As stated
in [19], however, these two kinds of uncertainties are equivalent only under the condition
when both the sample size (i.e., K) and the array input signal-to-noise (SNR) are large.
Therefore, it is desired to design a RAB that is jointly robust against both the covariance
matrix and the steering vector mismatches, which is referred to as joint RAB (JRAB) in
this paper. To this end, some JRABs have been designed [18, 20, 21, 23]. The JRABs
presented in [20, 21] are based on worst-case optimization. In [20], the effect of the SOI in
the data covariance matrix is modeled as multi-rank for the spatially distributed source and
the uncertainties for the sample covariance matrix and the SOI-only matrix are assumed to
be with known uncertainty levels. The optimization problem solved in [21] has the fol-
lowing form:

min ”AmHa<x (X + A w|| s.t. [w(@+e)>1V]e||<e (7)
where a represents the nominal (or presumed) SOI steering vector, the matrix
X2[x(1) x(1) ... x(K)] collects the received K snapshots, the error matrix A, de-
notes the uncertainty in the samples, and e stands for the uncertainty in the SOI steering
vector. The notation || - || denotes the Euclidean norm. The parameters 7, and € are the
preliminarily known uncertainty levels. The problem in (7) can be transferred to a second-
order cone programming (SOCP) problem and thus be solved by using some existing
MATLAB softwares, e.g., the CVX package [22]. The JRAB proposed in [18] combines
two existing techniques in a straightforward manner. One is the so-called linear shrinkage
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covariance matrix estimation reported in [24] and another is an iterative method proposed
in [25] in which each iteration is required to solve the following optimization problem

n‘e}in (a, +e )R (a; +e))
L

st.Prag+e ) =0, |(ag+e )| <VN+0 (8)
alle, =0, (a;+e,)"C(ay +e,)<allCa,

where R is estimated by the linear shrinkage estimator [24], a; denotes the estimated SOI
steering vector at the kth iteration, and the value of ¢ is preselected. The matrix P denotes

the noise-subspace projector of the matrix C £ f B)a 0)d0 where [0, 0,] is the ex-

pected SOI angular range, and the matrix C = Jza( a’(0)d0 (where @ denotes all the
directions lying outside the sector [0y, 0,]) represents the complement of C. The opti-
mization problem in (8) can also be rewritten as a SOCP problem and hence be solved by
using the CVX toolbox [22]. However, it is worth noting that this iterative process may be
time consuming since in each iteration the CVX has to be employed. The JRAB proposed
in [23] is also based on worst-case optimization, in which the beamformer is formulated by
the following problem

min max wH(ﬁ + AR)W st.whfa=1, wiQw< € 9)
W [Ar] <ok

where ¢, is a preselected small number. The matrix Q= f_AO [a(0 + ¢) — a(6)][a(0 +

$) —a(0)]" cos pd¢ where Ay denotes the SOI spatial sector and cos ¢ is used as a
weighting function. The constraint w”/Qw <e¢, in (9) aims to guarantee that the array
response gain in the presumed SOI angular location does not drop sharply. Also, the JRAB
proposed in [23] can be transferred to a SOCP problem and be solved by using the CVX
toolbox [22].

In this paper, both the uncertainties of steering vector and covariance matrix are taken
into account to develop a min—max optimization problem in which we aim to find a
steering vector with the maximum output power under the worst-case covariance mis-
match. Then we relax this min—max optimization problem to a max-min optimization
problem which can be solved by using the Karush-Kuhn-Tucker optimality conditions. It
is also shown that the proposed technique can be interpreted in terms of variable diagonal
loading where the optimal loading factors are related to both the correlations (between the
eigenvectors and the signal of interest) and the eigenvalues of the data covariance matrix.
The remainder of this paper is organized as follows. In Sect. 2, we revisit two classical
robust beamformers: the robust Capon beamformer (RCB) proposed in [17] and the signal-
subspace projection method proposed in [19]. Section 3 presents the proposed variable
diagonal loading beamforming. Simulations are given in Sect. 4, and conclusions are
drawn in Sect. 5.

2 Problem Formulation

Let us start with the classical robust Capon beamformers (RCB) propose in [17], in which
the SOI steering vector is estimated by
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Arcp = min a"R-'a  with A, 2 {a| la—al’ < 61} (10)
aE.Al

where a stands for the nominal (or presumed) SOI steering vector and the preselected
parameter €; denotes the uncertainty level of the steering vector. The essence of (10) is to
find a vector which, within the uncertainty set .4, is associated with the maximum output
power [17]. The final weight vector used in [17] has a diagonal loading (DL) form as:

~ /\_1/\
Wres = oR ™ arcp

—~ -1
— oc(R + éIN) a

DA -1 (11)
—aR7 (R +1y) @
—
DY
=apL
where the loading factor ¢ can be found by solving the equation ||(I +%)_1§H2 = €.
Performing eigen-decomposition on R yields
R N
R=Uru"=)» jee (12)
i=1
where U =[€, ... @y] collects all the eigenvectors, and I' = diag{7,,..., 7y} is a

diagonal matrix with the eigenvalues 7, > --- > 7, being nonincreasingly ordered. Thus,
app. defined in (11) can be rewritten as

N5
~ V
apL = =

i (oH
e
i=1 l+é( I

a)e; (13)

~

From (13), we observe that for large eigenvalues the term :\”' is approximately equal to

Vite¢

one whether ¢ is loaded or not. However, for small eigenvalues the term </ becomes quite

yite
small when ¢ is loaded, since the loading factor ¢ is positive in general. This implies that
the effect of ¢ is to deemphasize components corresponding to small eigenvalues.
Another robust beamformer is the signal subspace projection (SSP) method presented
in [19] with the weight vector given by
-~ _ p-1 A
Wssp = aR PE a

s

~ 1 1 ~
=oE,di — ... — | |JEMfa
e lag(|:0+"/1 0+VMD o (14)
-~ . 1 1 H~H—
+oE,diag| | ——=— ..+ ——=| |E,a
00 + Va1 00 + VN
where PE. = ESEE is a projection operator, E, = [e1 ... €yr1] and
E,, = [€y42 ... ey], respectively, collect the eigenvectors corresponding to the signal

subspace and the noise subspace. Therefore, the SSP approach uses oo as the loading factor
to punish the noise-subspace eigenvectors and zero loading factor for the signal-subspace
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eigenvectors, meaning that the noise-subspace eigenvectors are discarded and nothing is
done for the signal-subspace eigenvectors.

The above analysis tells us that the loading factor can be used to punish the eigenvectors
associated with small eigenvalues (i.e., subdominant eigenvectors) and thus let the esti-
mated steering vector stay away from these eigenvectors. This is reasonable because the
subdominant eigenvectors often contain more noise components than signal components.
However, in some practical applications, the SOI steering vector may have more corre-
lations with some subdominant eigenvectors than the dominant eigenvectors. For instance,
when the signal-to-interference ratio (SIR) is quite small, rather than the dominant
eigenvectors, it is highly possible that the weak SOI is close to some eigenvectors with
eigenvalues in the order of noise level. In such situation, it is unreasonable to let apy
approach the dominant eigenvectors since the dominant eigenvectors contain much of the
strong interference signals.

3 New Robust Beamformer with Variable Diagonal Loading

The majority of the existing RCB methods consider only the steering vector uncertainty
and implicitly assume that the uncertainty of the sample data covariance matrix can be
incorporated into the steering vector uncertainty. However, these two kinds of uncertainties
are equivalent only under the condition when both the sample size (i.e., K) and the array
input signal-to-noise (SNR) are large [19]. In this paper, not only the steering vector
uncertainty but the covariance matrix uncertainty are also taken into account. The opti-
mization problem that we consider has the following form:

minmAax a’R+A)'a
a
st la—a|’<e¢ (15)
Al <
where the inner maximization corresponds to the worst array output power due to the
covariance matrix uncertainty and e, represents the uncertainty level of the covariance
matrix. Equation (15) means that we would like to find a vector a to maximize the worst-
case array output power. The global optimal solution for (15) is difficult to find. What we
look for in the next, instead, is an efficient heuristic solution, although there is no guarantee
on its optimality.
Let ®(a,A) = a(R + A)'a denote the reciprocal of the power. Due to the weak max—
min inequality (see p. 281 of [26]), we always have

supinf @(a, A) <inf sup P(a, A) (16)
A 2 a A

which implies that sup, inf, ®@(a, A) corresponds to an upper bound for the power.
Therefore, the min—max problem in (15) can be relaxed to a max—min problem heuristi-
cally. Furthermore, we assume that the Hermitian matrix A can be reparameterized as

A = Udiag{p,, . .., By} U" (17)

where {,Bi}f]:l are real numbers. Strictly speaking, it is generally not the case that the

matrices R and A have the same eigenvectors. However, as shown in the next, this
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assumption can result in a suboptimal solution which can be computed in a simple manner.
Now we can transform (15) to the following problem

max min a 'R~ 'a
. a
i

st la—a]*<e¢ (18)
N

Z ﬂ,‘z <e

i=1
where R=R+A=UIU" and T = diag{7, + f,..., Yy + By}. It is clear that if
{ ﬁi}fv: | are fixed, the minimization problem over the variable a is equivalent to the RCB
problem in [17], implying that we can directly use the result in [17]. Hence, letting z =

UYa and 7 be the magnitude of the ith element of z (i.e., z; = |[z];]), the result of the
minimization problem of (18) can be given by (see Eq. (30) of [17])

L,=a"Ur (420" T +T?)'U"a

N 2
25+ B) (19)
Z (i + B +4)°
where A satisfies
N
— = €. 20
N2 +M,+/3)} - 20

Therefore, (18) is rewritten as

N 2(5, .
max /Z\i(/l +ﬁll) -
b 3 (“/i"‘ﬁi“‘x)

N
S.t. Zﬂlz S €.
i=1

Next, we will use the Karush—Kuhn—Tucker (KKT) optimality conditions to solve (21).
Defining

(21)

: (7 + B)
S AVi 7. 2
= Goah >

and modifying the objective function in (21) to minimize f, we can write the Lagrangian of
that problem as

L=f+v <Zﬁ]2 — 62) (23)

where v is the Lagrange multiplier. In the “Appendix”, we show that

o A2
OB [1+2(; + B
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and therefore
oL B 7»221-2
B 1417+ :Bi)]z

Hence, the complete KKT conditions can be written as [26, 27]

+2vp;. (25)

v>0 (26a)
N
v (Z B - 62) =0 (26b)
j=1
2.2
Mz = 2B i=1,..,N (26¢)

[L+AF+B)

Obviously, we know that v > 0 (v # 0) and f8; <0 from (26¢) as A # 0 and z; # 0. Then
(26) can be recast as

v>0 (27a)
N
Y B=ea (27b)
=1
222
& = 2vf, i=1,...N (27¢)

L+ A7+ ﬁi)]z

Theoretically, (27) can be solved since we have N + 2 equations [i.e., (27b), (27c¢)
and (20)] for N + 2 variables (i.e., { ,B,-}i.vzl, A and v). However, it is difficult to have closed-
form solutions because (27c¢) is actually a cubic equation with respect to f3;. Moreover, how
to choose the covariance matrix uncertainty level e, is unclear. In order to find the loading
factors in a simple way, we present the following N + 2 equations to replace (27):

N
Z = (28a)
=+ v,+ﬁ,)]
Zi ~ . ~
—+pi=———7;, fori#m
7+ b 5 # (28b)
1 Zm

X‘f‘ﬁ’,;:iTﬂ;—?;:O (28c)
where (28a) is identical to (20), (28b) is derived from (27¢), and the subscript m in (28c¢) is
equal to the subscript i with the maximum of {z,}fvz 1- In Sect. 2, we have shown that the
loading factor does not affect the dominant eigenvectors almost in the diagonal loading
methods. Inspired by this, we argue that it is reasonable to assume that the loading factor
%—l— B~, corresponding to the maximum of {z,-}i.vzl, is equal to zero. This implies that the
loading factor should not affect the eigenvector that has the maximum correlation with the
SOLI. Besides, another benefit offered by this reasonable assumption is that the problem of
how to set the covariance matrix uncertainty level ¢, is circumvented. From (28b), we can
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observe that the loading factor %—k f; is variable for each eigenvector. The larger eigen-
value, the less loading factor. The larger correlation (i.e., z;), the less loading factor (or the
larger absolute value of ;).

So far, our proposed RCB approach can be presented as the following steps.

1. Perform eigen-decomposition on the estimated covariance matrix to produce R =
UT'U" and compute z = UMa.

2. Compute the upper bound of % (denoted by (%) ) by letting all {8 ,‘}?]:1 be equal to zero
and solving (28a) (which is identical to the loading factor of the RCB in [17]) and set
the lower bound (}),= 0.

3. Choose % = % [(%)[—l—(%)u] and set fi~ = —% to compute the variable v by using (28c).

4. Compute the rest variables f;’s by using (28b).

5. Substitute the results of ; and { ﬁ,-}fy: , into the left side of (28a). If the sum in the left
side is greater than €, set the upper bound (}) = 4; otherwise, set the lower bound
(]X>1 =

6. If |(%) W (%)1‘ < where { is a preselected threshold (say 107%), go to Step 7;
otherwise, go to Step 3.

7. Construct the weight vector by

W:ﬁdiag{"ﬂ +ﬁ1+%,...,§N+ﬁN+%}ﬁHﬁ. (29)

Although we have not proven mathematically that g(X) is a monotonic function of A if
the variables f3,’s are considered, in the simulations we find the fact that in our proposed
algorithm g(A) monotonically decreases with respect to A and hence we use the bisection
method to iteratively compute A. In addition, (28b) is a cubic equation with respect to f3;
and three solutions can be found for ff;. We use the following rules to choose one solution
from three possible values. The first rule is that f5; is a negative real number which satisfies
% + B; > 0 (since the least loading factor is % + B = 0). The second rule is that we choose
the real solution with the minimum absolute value so that we have the least covariance
matrix uncertainty. If we cannot find any solution satisfying the aforementioned conditions,
B; is set to be zero, which means we choose the largest penalty for the ith eigenvector.

4 Simulation Results

Assume that one SOI and three interferers are incident on a uniform linear array with
N = 10 isotropic sensors and half-wavelength sensor spacing. The three interference
signals are from [0}, 6,, 03] = [—10°, 10°, 50°] with the input interference-to-noise ratios
(INRs) in a single sensor 0, 10 and 20 dB. Unless stated otherwise, the input SNR is
—10 dB, the nominal direction-of-arrival (DOA) of the SOI is 0 = 3° and 50° snapshots

are collected to construct the matrix R. The actual SOI DOA is different and will be stated
in each simulation scenario. Four other robust methods are compared with our proposed
approach in terms of the array output SINR: (1) the RCB proposed in [17] where the
uncertainty level ¢; in (10) is equal to 5; (2) the JRAB presented by Gu [18] where the

assumed SOI angular range is [—5°, 5°] and the parameter ¢ in (8) equals to 0.1; (3) the

4

JRAB proposed by Song [23] where 5! = 5° is used to compute the matrix Q, and ¢, =
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0.03 and y; = 10 are utilized; (4) the JRAB presented by Vorobyov [21] where we choose
the steering vector uncertainty level ¢ = /5 and the snapshot matrix uncertainty level
7. = ||X]| x 5%. For each scenario, the average of 200 independent runs is used to plot
each simulation point. For reference, the optimal SINR is also plotted where the theoretical
covariance matrix R and actual steering vector ay are used. Note that this optimal SINR
cannot be obtained in practical due to the uncertainties of the steering vector and co-
variance matrix.

4.1 Example 1: Look Direction Mismatch

In the first example, we consider the look direction error scenarios. We begin with com-
paring two RABs (both of which use only the steering vector uncertainty level €;): the RCB
in [17] and our proposed method. The actual SOI DOA 6, = 0° is taken here (i.e., 3° look
direction error). The array output SINR versus the uncertainty level ¢, is plotted in Fig. 1.
We can see that the proposed method maintains the output performance almost for dif-
ferent €;, whereas the RCB suffers if ¢ is greater than 5. This means that our proposed
method is less sensitive to the choice of ¢; than the RCB beamformer. In the rest of our
simulation scenarios, we choose ¢; = 5 for both robust approaches.

Figure 2 shows the performance of the five methods versus look direction error for the
fixed actual DOA 6, = 0° and the nominal DOA 0 varying from —5° to 5°. It can be seen
from Fig. 2 that the proposed method outperforms other four robust methods tested within
4° look direction errors, and only JRAB of Gu [18] is better than ours when the look
direction error is larger than 4°. Then we examine the effects of the snapshot number in
Fig. 3 and the input SNR in Fig. 4, where the actual and nominal DOA are fixed at 0° and
3° respectively. As depicted in Figs. 3 and 4, the proposed method is also better than the
other methods in terms of the array output SINR.

L e e Py oy e e e P
-1 c—g@* o=
Y I N T
m | "
T 3l ! RS
x == === Optimal SINR \
Z 4| |--%-RcB \
(7] \
— s Proposed \
=} T T i i P\ i 1
8 S o o o P\ :
> | | | | oo\ |
@) Y [ [ [ i i . |
> | | | | | Y |
g | | | | | X |
< T e [ ko= : : e :
| | | | | PN
8 po-ee- bomomoe- bomomoe- bomoooo-d : R
| | | | | | N |
; ; ; | | | \‘ |
A fommme- bomomoe- k- X
1 1 1 \
! ! ! \
_10 1 1 1
1 2 3 4 5 6 7 8 9

Steering Vector Uncertainty Level ¢

Fig. 1 Array output SINR versus steering vector uncertainty level e;; first example
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Fig. 2 Array output SINR versus look direction error; first example

Array Output SINR (dB)

<

e ———

gy Sy S ey SayepY Sy Sy Snp——
| | ‘ ‘ ‘ ‘

| | 4
fleiput s S AT <) T |
| | i
I I I
] 1 ]
I e e [ R
I I I
T S R S AU S Loa ]
i i i
[pa | I3 M. B
1ol 1o 1id 1
| i |
T T

=== == Optimal SINR
--X-- RCB

=-57-- JRAB of Gu
-=%¥-- JRAB of Song

--E}- JRAB of Vorobyov | _|

L
| | = Proposed
s T e S S T
PPy M S S S S S S NN
10 20 30 40 50 60 70 80 90

Number of Snapshots

Fig. 3 Array output SINR versus snapshot number; first example

4.2 Example 2: Coherent Local Scattering

100

In the second example, the actual SOI steering vector is formed by five coherent signal

path as [6, 20]

4
a=a(0) + Y _¢%a;(0;)
i=1

(30)

where 0y is the DOA of the direct path, whereas 0; corresponds to the ith coherently
scattered path. Here we assume that 0y and 0 are both 3°. The parameter {¢;} represent the
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Fig. 4 Array output SINR versus input SNR; first example
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Fig. 5 Array output SINR versus snapshot number; uniform distribution; second example

path phases that are independently and uniformly drawn from the interval [0, 27] in each

simulation run. The angles {5,-}, i=1, 2,3, 4 are independently drawn in each simulation
run from a random generator with mean equal to 3° and standard deviation (or scatter
angular spread) equal to 5°. Note that {5,} and {¢;} vary from run to run while keeping
unchanged from snapshot to snapshot.

The performances versus the snapshot number and the input SNR are displayed in
Figs. 5 and 6 for the uniform distribution and in Figs. 7 and 8 for the Gaussian distribution.
These four figures clearly demonstrate that our proposed robust beamformer consistently
enjoys the best performance among all the tested robust approaches. In addition, the JRAB
of Gu presented in [18] is another well-performing method which is comparable with ours
when we examine the effect of input SNR in Figs. 4, 6 and 8. It is worthwhile to note that
the JRAB of Gu must employ a process of the CVX optimization in each iteration and the
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Fig. 7 Array output SINR versus snapshot number; Gaussian distribution; second example

convergence may be slow, whereas our proposed method is much more computationally
effective.

5 Conclusion

Considering both the uncertainties of steering vector and covariance matrix, a min—max
optimization problem is designed to find a steering vector corresponding to the maximum
power under the worst covariance matrix mismatch. Such problem can be relaxed to a
max—min optimization problem and then be solved by using the KKT optimality
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Fig. 8 Array output SINR versus input SNR; Gaussian distribution; second example

conditions. Different than the traditional DL methods, the diagonal loading factors in our
proposed approach are variable and dependent on the correlations (between the eigen-
vectors and the SOI) and the eigenvalues.
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Appendix: Proof of (24)

Let us start with the equation

Z:————————:q. (31)

[1+2(5+ )]

Differentiating with respect to f3;, we have

N —277 [(@- + ;) & + 1o —j)]

- - =0 (32)
= [1+2(3 + )]
where (i) is the impulse function. Therefore,
Az
o [14.G+8)]
35, = =N (33)

A L)
2 o )T
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Using (22) and differentiating it with respect to f5;, we have
LYK i)
B = 5+ B+D’
v 223, + ) [36 —)) ~ &

+ - 3 (34)
J=1 (Vj + ,Bj + X)
g -RGi+p)] s F0+8)
i i ; 27\’_ ] J J :
[1+2(7;+5)] OB 5= [1 4+ 23 + B)]
Substituting a% from (33), we have
o Z =20+ 8)] —202
p; [T+ + ﬁz)]3 [1+A(y; + /31)]3
Az )

[T+ + ﬁi)]z

which is equivalent to (24).
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