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Abstract—The traditional search-based MUltiple SIgnal Clas-
sification (MUSIC) method is often computationally expensive,
particulary for the application of joint azimuth and elevation
estimation. By means of the manifold separation technique
(MST), the search-free root-MUSIC method, which is originally
designed for the uniform linear array structures, can be extended
to arbitrary arrays and reduce the computation burden to
some extent. However, a computationally complex polynomial
rooting procedure is still required. In this paper, we propose a
computation attractive 2-D direction-of-arrival (DOA) estimator
which can be viewed as a hybrid MUSIC-based method. First, we
use the MST method to convert the 2D-MUSIC cost function into
stand 2D-IDFT form. In doing so, we can obtain the 2-D spatial
spectrum by using 2D-FFT. Since a relatively small point number
for the FFT is chosen, the DOAs are located roughly. Then
the MUSIC method with fine angular grid is utilized to search
the DOAs finely within a small angular section. The proposed
hybrid method not only alleviates the computation burden of
root-MUSIC or MUSIC solely used; it also achieves almost the
same DOA estimation performance and is easy to implement.
Keywords—2-D DOA estimation; MUSIC; root-MUSIC; arbi-

trary arrays.

I. INTRODUCTION

Direction-of-arrival (DOA) estimation is a ubiquitous task

concerned in array processing. The well-known MUltiple SIg-

nal Classification (MUSIC) method, a classical subspace-type

method, asymptotically exhibits infinite resolution capabilities

and thus are classified as a super-resolution technique in

estimating DOA. The major drawback associated with MUSIC

is that the computational complexity is high, particularly for

the real-time applications. In order to alleviate the computa-

tional burden, the root-MUSIC algorithm converts the DOA

estimation to a problem of polynomial rooting by exploiting

the Vandermonde structured array manifold vector of uniform

linear arrays (ULA). In [1], [2] the conventional root-MUSIC

has been extended to arrays with arbitrary geometry by us-

ing the manifold separation technique (MST). An alternative

technique, called Fourier-domain root-MUSIC proposed in [3],

can also extend the root-MUSIC to arbitrary arrays. In [4], [5]

two improved methods are presented to reduce the computa-

tional burden of the extended root-MUSIC. Nevertheless, only

azimuth estimation is considered in the above works.

In [6], joint azimuth and elevation estimation for arbitrary

arrays is concerned. Also, the MST technique is used in [6] to

convert the 2-D DOA estimation to a problem of bivariate poly-

nomial rooting. However, if the array aperture becomes large,

the order of the the bivariate polynomial must be quite large

which leads to unacceptable computational complexity for the

rooting procedure. In this paper, we propose a computation

attractive 2-D DOA estimator. First, we convert the 2D-MUSIC

cost function into stand 2D-IDFT form by using the MST

technique. In doing so, we can obtain the 2-D spatial spectrum

by using 2D-FFT. For the sake of computation efficiency, a

relatively small point number for the FFT is chosen and thus

the DOAs are located roughly. Then, the MUSIC method with

fine angular grid is utilized to search the DOAs precisely

within a small angular section. The proposed hybrid method

not only alleviates the computation burden of root-MUSIC or

MUSIC solely used; it also achieves the same DOA estimation

performance and is easy to implement.

II. SIGNAL MODEL

Consider a non-ULA array of N sensors operating in the

presence of M uncorrelated narrowband signals via unknown

directions. The N × 1 array receiver vector can be expressed

as

x(t) = Am(t) + n(t) (1)

where n(t) represents the additive white Gaussian noise with
covariance σ2nIN (σ2n is the noise power). The matrix A
collects the manifold vectors of the M signals, i.e.,

A = [a(θ1, φ1), a(θ2, φ2), ..., a(θM , φM )] (2)

where θ ∈ [0, 2π) and φ ∈ [0, π] denote the azimuth and

elevation angle respectively. The vector m(t) has elements

the M complex narrowband signal envelopes. In practical

applications, the second order statistics of x(t) can be obtained
as follows

R̂ =
1

K

K∑
l=1

x(tk)x
H(tk) (3)

where {x(tk)}Kk=1 denote the K received snapshots. Then

performing eigenvalue decomposition on R̂ produces

R̂ = EsΛsE
H
s +EnΛnE

H
n (4)

where Es ∈ CN×M is the eigenvectors associated with the

largest M eigenvalues and En ∈ CN×(N−M) represents the

eigenvectors corresponding to the remaining small eigenvalues.

Commonly Es and En are referred to as the signal-subspace

eigenvectors and noise-subspace eigenvectors. The diagonal
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matrices Λs and Λn have diagonal elements associated with

the signal and noise eigenvalues respectively.
Due to the orthogonality between the signal and noise

subspace, the angles where the projection of the corresponding

manifold onto the noise subspace are zero should be the DOAs

of signals. By exploiting this property, the MUSIC searches

the continuous array manifold vector over the area of θ and
φ to find the M minima of the following null-spectrum cost

function

(θ̂, φ̂) = argmin
θ,φ
{a(θ, φ)HEnEHn a(θ, φ)}. (5)

However, the spectral search process required by MUSIC may

be unaffordable for some real-time implementations, which

can be explained by the following fact. To obtain each search

point, a matrix product of a(θ, φ)HEnE
H
n a(θ, φ) has to be

computed. Moreover, for the purpose of avoiding grid error,

the required number of search points has to be significantly

large. In other words, the angular search grid has to fine

enough to avoid the quantization problem. This drawback

becomes particularly apparent in joint estimation of azimuth

and elevation since we have to search over two dimensions.

III. MANIFOLD SEPARATION TECHNIQUE WITH 2-D

WAVEFIELD

Interestingly, by using the manifold separation technique

(MST) [1], [2], [7], a (N×1) manifold vector can be modeled
as

a(θ, φ) = Γd(θ, φ) + ε (6)

where ε denotes the modeling error. The vector d(θ, φ) con-
sists of the following Vandermonde structured vectors

d(θ, φ) = d(θ)⊗ d(φ) ∈ CMaMe×1 (7)

where

d(θ) =
1√
2π

[z
Ma−1

2

θ , · · · , 1, · · · , z−
Ma−1

2

θ ]T ∈ CMa×1

d(φ) =
1√
2π

[z
Me−1

2

φ , · · · , 1, · · · , z−
Me−1

2

φ ]T ∈ CMe×1(8)

with zθ = ejθ, zφ = ejφ and ⊗ representing the Kronecker

product. We can see that the vector d(θ, φ) depends only on
the wavefield. The matrix Γ is called the sampling matrix given

by

Γ =

⎡
⎢⎣
gT1
...

gTN

⎤
⎥⎦ ∈ CN×MaMe (9)

which depends only on the sensor array configuration and its

properties. Let us have a close look at the n-th element of the
manifold vector a(θ, φ) (i.e., the array response of the n-th
sensor) which is given by

[a(θ, φ)]n = gTnd(θ, φ)

= (d(θ)⊗ d(φ))Tgn

= vec{(dT (θ)⊗ dT (φ))gn}
= vec{dT (φ)Gnd(θ)}
= dT (φ)Gnd(θ) (10)

where gn = vec{Gn}. The notation vec{·} denotes the

vectorization operator which stacks the columns of a matrix

on top of each other. The properties (X⊗Y)T = XT ⊗YT

and vec{XYZ} = (ZT ⊗X)vec{Y} are used in the above.
From (10), it is clear that the essence of the MST model in

(6) is using a number of 2-D Fourier series to approximate the

array response. Specifically, the model error ε can be safely

neglected as the mode numbers Ma and Me are both large

enough.

In practical applications, the real-world array manifold vec-

tors are often not well described by their theoretical models and

there exist mismatches between them, which may be caused

by many factors, e.g., mutual coupling, physical location

misplacement of array elements and mounting platform reflec-

tions. Unfortunately, these mismatches are usually unknown

explicitly. In order to address this problem, array calibration

works are needed. In this paper, we employ the so-called

2-D Effective Aperture Distribution Function (EADF) [7] to

estimate the sampling matrix from calibration measurements.

The aim of estimating the sampling matrix is twofold. First,

the sampling matrix can accommodate the array nonidealities

and hence the model in (6) is suitable for real-world arrays.

Second, we can exploit the Vandermonde structure in (6) to ap-

ply computational efficient DOA estimators to arbitrary arrays.

We can acquire the sampling matrix for the real-world arrays

through measurements from a number of different location of

angles. Typically, these calibration measurements are obtained

in controlled environments such as anechoic chambers. The

antenna array is mounted on a mechanical platform and then

be rotated in different azimuths and elevations, while a known

active source is held fixed. Then we perform 2-D IDFT on

these measurements to compute the sampling matrix. See [6],

[7] for more details. In this paper, we assume that the sampling

matrix has been obtained off-line prior to DOA estimations and

we place focus on the DOA estimations.

IV. PROPOSED HYBRID MUSIC-BASED METHOD

Now, inserting the MST expansion model in (6) into the

MUSIC cost function in (5), we have the spatial spectrum

p(θ, φ) = d(θ, φ)H(ΓHEnE
H
n Γ)d(θ, φ)

= p(θ)TCp(φ) (11)

where p(θ) = [z2Ma−2
θ , z2Ma−3

θ , . . . , 1]T and p(φ) =
[z2Me−2
φ , z2Me−3

θ , . . . , 1]T are Vandermonde structured vec-

tors. The matrix C ∈ C(2Ma−1)×(2Me−1) can be found by the

following steps. First, by defining the matrix B = ΓHEnE
H
n Γ

and expressing it in block form, we have

B =

⎡
⎢⎢⎢⎣
B1,1 B1,2 . . . B1,Me

B2,1 B2,2 . . . B2,Me

...
...

. . .
...

BMe,1 BMe,2 . . . BMe,Me

⎤
⎥⎥⎥⎦ (12)

where each block matrix is a Ma-by-Ma matrix. Then

computing the sum of the block elements along all 2Me − 1



diagonals produces

D =
[
D1 D2 . . . D2Me−1

]
(13)

with Di =
∑

∀Me−(m−n)=i
Bm,n. Similarly, for the i-th column

of C, we compute the sum of the elements along all 2Ma−1
diagonals of Di, i.e., [C]i,q =

∑
∀Ma−(m−n)=q

[Di]m,n.

Substituting θ = 2π
N1
n1 and φ = 2π

N2
n2 into (11), we can

rewrite the spatial spectrum as

p(n1, n2) =

de∑
k2=0

da∑
k1=0

C(k1, k2)e
j 2π
N1

n1k1ej
2π
N2

n2k2 (14)

where da = 2Ma − 2, de = 2Me − 2 and C(k1, k2) =
[C]da+1−k1,de+1−k2 . The notation [C]m,n stands for the

(m,n)-th element of C. Apparently, the expression in (14)

is of typical 2-D IDFT form and therefore we can apply the

well-known 2-D FFT algorithm to calculate the 2-D spatial

spectrum. In comparison with the 2-D MUSIC method in

which each search point requires a matrix computation, the

whole search points can be found after the 2-D FFT algorithm

is performed. In order to avoid grid errors, the numbers N1 and

N2 have to take large values, say 4096 to achieve grid of 0.088

degree. Since performing 2-D FFT on the matrix C requires

to compute N1-point FFT for the 2Me− 1 columns of C and

then N2-point FFT of N1 rows, the computational complexity

may still be expensive for some real-time applications. Next,

in order to reduce the computation burden further, we propose

a hybrid method which can be accomplished via the following

steps.

1) For the calibration purpose, measure the array response

at a number of locations and calculate the sampling

matrix Γ via 2-D IDFT. Note that this off-line process

needs to be done only once for a given array.

2) Collect the snapshots to form the covariance matrix in

(3) and perform the eigen-decomposition to obtain the

noise eigenvectors En and the matrix B = ΓHEnE
H
n Γ.

3) Sum the block elements along the diagonals of B to

obtain the matrix D and then sum the elements along

the diagonals of each block elements in D to form the

matrix C.
4) Employ 2-D FFT algorithm on the matrix C where

N1 and N2 can be moderate numbers, say 256. Then

search the minima of this coarse spatial spectrum, which

corresponds to the DOAs roughly.

5) Within a small angular section centered at each rough

DOA, apply the 2-D MUSIC method to locate the DOAs

finely. For instance, for a rough DOA (θc, φc), compute
the 2-D MUSIC spectrum in (5) where θ ∈ [θc−Δθ, θc+
Δθ] and φ ∈ [φc−Δφ, φc+Δφ] with Δθ and Δφ being
the search ranges. In such angular section, fine grid is

utilized to avoid grid errors.

Remark: The complexity order of the 2-D FFT of C is

O((2Me− 1)N1 logN1 +N1N2 logN2). It is clear that if we
use moderate N1 and N2, the computational complexity can

be reduced significantly. Further, the 2-D MUSIC performed

within each small angular section has the complexity order of

O(Q1Q2N) where Q1 and Q2 are the grid numbers of azimuth

and elevation respectively, and N is the antenna number

(normally N � N1 and N � N2). One may wonder whether

it is suitable to apply the zoom FFT algorithm to find the local

spatial spectrum. However, here the zoom FFT may require

more computations than 2-D MUSIC. Since the complexity

order the zoom FFT is O(N1 logQ1 + 2N1) for each 1-

D N1-point zoom FFT with Q1 output points, the overall

complexity of the zoom FFT is O((2Me − 1)(N1 logQ1 +
2N1) + Q1(N2 logQ2 + 2N1)) where N1 and N1 are large

numbers because fine grid is needed in the local angular

spectrum.

V. SIMULATION RESULTS

In this section we evaluate the effectiveness of the proposed

hybrid MUSIC-based approach. In each simulation run, we

randomly generate a Non-ULA antenna array with N = 5
sensors and then use the ideal manifold model to compute the

sampling matrix with Ma = Me = 51. Three methods are
simulated: the 2-D root-MUSIC in (14) with N1 = N2 = 256
and N1 = N2 = 4096, and the proposed hybrid method. In the
hybrid method, we first perform 2-D FFT with N1 = N2 =
256 to locate the DOAs coarsely. Then at each rough DOA

point, we apply 2-D MUSIC with grid of 360
4096 ≈ 0.088 degree

and angular range Δθ = Δφ = 3◦. That is the local grid

numbers are Q1 = Q2 = 69. We assume that two signals from
different angles impinge the antenna array. Also, the DOAs are

randomly generated in each simulation run.

The root-mean-square errors (RMSEs) between the esti-

mated and real DOAs are investigated in Fig. 1 and Fig. 2

with input signal-to-noise ratio (SNR) varying from -10dB to

20dB while the snapshot number is fixed at 200. In Fig. 3 and

Fig. 4, we also illustrate the RMSE performance for the DOA

estimators versus the snapshot number where the SNR is kept

at 10dB. In these four figures, we can see that despite signifi-

cant computational reduction, the proposed hybrid method can

achieve almost the same DOA estimation performance with the

full 2-D root-MUSIC with N1 = N2 = 4096 and outperform

the 2-D root-MUSIC with N1 = N2 = 256.

VI. CONCLUSION

Joint azimuth and elevation estimation is often a com-

putationally expensive process. In this paper, we present a

computation attractive 2-D DOA for arbitrary arrays. By using

the MST method, the 2D-MUSIC spatial spectrum can be

found by applying the 2D-FFT algorithm. In order to avoid grid

errors, the point numbers for the FFT have to be quite large

which leads to high computational complexity. To address this

problem, we propose a two-step method. First, we perform

the 2-D FFT with small point numbers to locate the DOAs

coarsely. Then 2-D MUSIC with fine angular grid is utilized

to search the DOAs finely within a small angular section. The

simulation results show that the proposed hybrid method not

only alleviates the computation burden but also achieves almost

the same DOA estimation performance.
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Fig. 1. Azimuth estimation RMSE versus input SNR.
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Fig. 2. Elevation estimation RMSE versus input SNR.
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Fig. 3. Azimuth estimation RMSE versus snapshot number.
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Fig. 4. Elevation estimation RMSE versus snapshot number
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